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Abstract

Astronomical surveys have revealed prominent inhomogeneity in matter distribu-
tion in the Universe. In this thesis, we analyze the effect of these matter distri-
bution inhomogeneities on various astrophysical and cosmological processes. We
have employed Buchert’s averaging procedure to incorporate the effect of these
inhomogeneities in our analysis.

In our first work, we analyze the effect of the matter distribution inhomo-
geneities on the redshift-dependent part of the gravitational wave amplitude. In
the context of a toy model within the above framework, we first show how the
redshift versus distance relation gets affected through the averaging process. We
then study the variation of the redshift-dependent part of the observed GW am-
plitude for different combinations of our model parameters.

In our second work, we consider the propagation of gravitational waves (GWs)
in the late-time Universe in the presence of matter distribution inhomogeneities,
and we also consider the cosmic fluid to be viscous. In this work, we investigate
the cumulative effect of inhomogeneities and viscosity of the cosmic fluid on the
observables associated with the sources of the GWs. Employing Buchert’s aver-
aging procedure in the backreaction framework, we consider a model of spacetime
in which matter is distributed inhomogeneously across space. Using the modified
redshift versus distance relation, through the averaging process in the context of
the model, we study the variation of the redshift-dependent part of the observed
gravitational wave amplitude for different combinations of our model parameters
while simultaneously considering damping of the gravitational wave amplitude
due to the viscosity of the cosmic fluid.

In our next work, we formulate a model of spacetime with inhomogeneous mat-
ter distribution in multiple domains. In the context of the backreaction frame-
work using Buchert’s averaging procedure, we evaluate the effect of backreaction
due to the inhomogeneities on the late-time global evolution of the Universe.
We constrain the model parameters using observational analysis of the Union2.1
Type Ia supernova data employing the Markov Chain Monte Carlo method.

Finally, in our fourth and final work, we explore the 21-cm signal in our Uni-
verse containing an inhomogeneous matter distribution at considerably large
scales. Employing Buchert’s averaging procedure in the context of a model

xv



of spacetime with multiple inhomogeneous domains, we evaluate the effect of Our model parameters on the observable 21-cm signal brightness temperature. Our model parameters are constrained through the Markov Chain Monte Carlo method using the Union2.1 Type Ia supernova observational data. 

FosRak. 
12/08/25 
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Chapter 1

General Introduction

1.1 Motivation

Cosmology is the scientific discipline that studies the universe’s origin, struc-
ture, evolution, and eventual fate. It uses observations and theoretical models
to understand the universe’s largest scales. However, our ability to observe the
universe is constrained. Also, the most widely recognized and successful theory
governing the dynamics of the universe is general relativity, but its overwhelming
complexity presents a significant challenge.

These limitations have compelled cosmologists to make simplifying assump-
tions to build a general relativistic model of our universe, which data can con-
strain. The Cosmological Principle is one such assumption. It states that the
universe is homogeneous and isotropic on the largest of scales. This principle led
to the formation of the Friedman-Lemaître-Robertson-Walker (FLRW) class of
cosmological models, constituting the groundwork of most modern cosmology.

The modern paradigm of cosmology, the Lambda Cold Dark Matter (ΛCDM)
model, is an FLRW model comprising four energy components: the cosmological
constant Λ, symbolizing dark energy; cold dark matter (CDM); along with ordi-
nary matter and radiation, as defined in the standard model of particle physics.

While the ΛCDM model has effectively established the foundational concepts
of standard cosmology and generally aligns well with the observed data, it has
faced certain conflicting observations [1–5], with the Hubble tension being par-
ticularly notable [6, 7]. Additionally, there are fundamental enigmas - physically
unexplained dark elements making up 95% of the universe’s energy content. Due
to the limited theoretical understanding of the parameters in the ΛCDM model,
particularly the cosmological constant, it is primarily considered a phenomeno-
logical fit rather than a thoroughly understood theory. Its effectiveness does not
eliminate the likelihood that an entirely different model might align well with the
data.

In addition, recent observations of large-scale structures (LSS) suggest the pos-
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sibility of incorporating further elements into the standard cosmology framework.
While the universe appears homogeneous and isotropic on the largest scales, nu-
merous astrophysical surveys have detected significant inhomogeneities in matter
distribution extending to substantial length scales.

In [8], the authors analyzed galaxy large-scale structures using the Sloan Digi-
tal Sky Survey (SDSS). They found indications that galaxy structures are associ-
ated with large-amplitude density fluctuations across various scales, constrained
solely by the scale of the sample used. They also reported that these inhomo-
geneities do not reconcile with the predictions of standard theoretical cosmologi-
cal models, and are also in conflict with mock catalogues of cosmological N-body
simulations.

In [9], the researchers examined the Sloan Digital Sky Survey-DR7 catalogue
focusing on luminous red galaxies. The study found notable deviations, exceeding
3σ, from the ΛCDM mock catalogues on samples of luminous red galaxies up to
500 h−1 Mpc, and observed minor deviations of approximately 2σ at 700 h−1 Mpc.

Recently, a Giant Arc (GA) of galaxies with a proper size of approximately 1
Gpc at the present epoch has been discovered [10]. The GA is one of the newest
and largest structures within a growing collection of extensive LSSs that could
potentially (though carefully) question the Cosmological Principle that underpins
the ’standard model’ of cosmology.

The persistent complexity in the distribution of matter within our universe,
as explored since the inception of FLRW cosmology, could potentially question
the validity of the assumptions of homogeneity and isotropy that form the basis
of both the FLRW model class and the ΛCDM model.

Inhomogeneous cosmology is a branch of cosmology that aims to tackle the
main issues of the ΛCDM model within the context of general relativity’s grav-
itational framework. This area of study focuses on the complex dynamics of
spacetime that emerge when matter is distributed inhomogeneously across the
spatial sections of our universe. Researchers in inhomogeneous cosmology aim to
investigate the limitations of the FLRW model in providing a precise depiction
of large-scale geometry and serving as the global background metric for cosmic
structures.

The premise of the FLRW model is that when averaged over large scales, the
universe appears to be homogeneous and isotropic. According to this proposition,
one first takes the average of the metric and the energy-momentum tensor, then
plugs these smooth quantities into the Einstein equation. However, physically,
one should first plug the inhomogeneous quantities into the Einstein equation
and then take the average. Because the Einstein equation is non-linear, these two
procedures are not equivalent. The idea that the average behaviour of inhomoge-
neous and/or anisotropic spacetimes generally differs from that of homogeneous
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and isotropic spacetimes goes back to 1963 [11, 12]. George Ellis in 1983 gave
the first comprehensive discussion [13, 14] and called finding the smooth met-
ric which best fits the real clumpy universe the fitting problem. The difference
between the behaviour of the average and smooth quantities and the influence
of inhomogeneity and/or anisotropy on the average behaviour is also known as
backreaction [15–17]. The way in which physics on small and intermediate scales
affects or is ‘reacting back’ on the large-scale dynamical description of the uni-
verse is a central concept in inhomogeneous cosmology. In the present era of
precision cosmology, the cosmological backreaction warrants special attention.

Einstein and Straus in 1945 developed the Swiss cheese class of space-times,
which was one of the first frameworks for addressing inhomogeneous and anisotropic
models in cosmology [18]. The Swiss cheese models enable the examination of
non-perturbative structures within a general relativistic context, albeit in a no-
tably simplified scenario where the Schwarzschild solution represents compact
objects within an FLRW spacetime.

Toshifumi Futamase in [19] devised an approximation method to build a metric
depicting a realistic, clumpy universe within the framework of general relativity.
This involved spatial averaging to illustrate how the universe’s expansion is collec-
tively driven by matter clumps. Futamase and Sasaki’s work in [20] explored how
inhomogeneities in matter distribution affect electromagnetic wave propagation
by employing an approximate metric suitable for an inhomogeneous Universe.
From this analysis, they formulated a generalized distance-redshift relation ap-
plicable to an inhomogeneous Universe.

The intricacies of general relativity, coupled with the challenges of addressing
the Einstein equations for non-uniform matter distributions and evaluating the
implications through tensorial averaging methods, have led to the development
of various strategies to tackle this issue [15]. Numerous specifications and ap-
proaches can be pursued to address the diverse aspects of the broad challenges
present in inhomogeneous cosmology. An averaging process is essential to ana-
lyze the impact of inhomogeneities on the universe’s evolution. Several types of
averaging methods have been proposed in the literature [13, 19, 21].

One notable method for handling relativistic averaging in cosmology is the
tensor averaging framework developed by Zalaletdinov [22–24]. Zalaletdinov in-
troduced a covariant and exact averaging procedure wherein an averaged version
of Einstein’s equations was attained using a covariant averaging scheme of ten-
sors via bilocal operators. In this method of averaging, the complete tensorial
Einstein field Gµν = 8πG

c4 Tµν, where Gµν = Rµν − 1
2gµνR represents the Einstein ten-

sor, is averaged to produce a new system of covariant equations at a specific
scale ⟨G⟩µν = 8πG

c4 ⟨T ⟩µν, with ⟨⟩ symbolizing a particular averaging process that
maintains the covariance of any averaged tensorial field. Notably, the averaged
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Einstein equations typically are not resolved by the averaged metric ⟨g⟩µν derived
from the same averaging technique. The discrepancy between the Einstein tensor
of ⟨g⟩µν (i.e., Gµν(⟨gµν⟩)) and the averaged local Einstein tensor ⟨G⟩µν can be termed
the backreaction term. Although Zalaletdinov’s averaging framework retains the
tensorial structure of the Einstein equations, it introduces extra complexity into
the averaging operation, which lacks substantial physical justification. Moreover,
the complexity of this averaging procedure renders the application of theoretical
results to specific cases challenging.

The averaging method utilized in this thesis originates from the work of
Thomas Buchert [25, 26]. It employs a truncated hierarchy focusing on the
averaged scalar components of Einstein’s equations and is the most prevalent
averaging strategy in the field of inhomogeneous cosmology. Buchert’s proce-
dure simplifies the problem by concentrating solely on the averaging of scalar
quantities, effectively reducing the task to solving three coupled equations with
four independent variables that describe the state of a spatial region in the uni-
verse: its volume, mean density, average scalar curvature, and backreaction. This
backreaction reflects the domain’s inhomogeneity level.

Within Buchert’s framework [25–27], the temporal progression of spatial av-
erages diverges from what is expected using the evolved spatial metric. This
discrepancy leads to the introduction of a geometrical backreaction term, which
accounts for deviations from the typical behavior predicted by the Friedmann
equations. Buchert’s averaging scheme offers a novel perspective on the large-
scale expansion of the universe without assuming uniformity. Several studies have
explored the possibility of explaining the accelerated expansion of the universe in
its later stages through backreaction [17, 28–31].

The disadvantage of Buchert’s scheme is that it does not establish a definition
for the averaging of tensors, which means that it lacks natural definitions for
elements like averaged tensorial fluid variables or an averaged metric tensor.

One advantage of the Buchert approach is that it provides a clear and intuitive
set of equations for the averaged variables of spacetime. These dynamical equa-
tions can be reshaped to resemble the FLRW equations typical in conventional
cosmology, enabling a direct comparison to identify differences in dynamical be-
havior. The elements influencing the dynamics of a region that do not have an
FLRW equivalent are labeled as backreaction terms. This measurement of back-
reaction is important because it highlights the potential emergence of effective
energy sources that exhibit dark energy-like characteristics, arising from struc-
tures at smaller scales [32].

[33, 34] outline a method to connect the global variables from Buchert’s frame-
work to the observations made by ’typical observers’ within statistically homo-
geneous and isotropic universes. In their approach, the average redshift and
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average angular diameter distance as perceived by several typical observers are
examined. This offers a conceptual understanding of how average quantities on
spatial surfaces might relate to measurements made by typical observers, though
it is largely reliant on assumptions regarding statistical homogeneity, isotropy,
and the pace of structural evolution rather than precise derivations. Through
Buchert’s averaging method, it’s demonstrated that spatial averaging impacts
the redshift-distance relation [33–38]. The relationship between spatial averages
and the redshift-distance correlation has undergone further scrutiny [35, 37]. In
this thesis, we are motivated to utilize Buchert’s averaging procedure as it of-
fers a framework for linking our theoretical computations (spatial averages) with
observational data (redshift-distance relations) [33–35].

Numerous investigations within Buchert’s framework aim to understand how
matter inhomogeneities impact large-scale cosmological dynamics, as well as light
and gravitational wave propagation [17, 27, 29, 30, 33–36, 39–58]. The compre-
hensive effects of cosmic backreaction on the universe’s evolution remain disputed
[31], yet theoretically, backreaction could influence cosmic evolution [39].

Research investigating the impact of matter inhomogeneities on large-scale
cosmological dynamics and light propagation has been conducted independently
of Buchert’s averaging method as well [21, 38, 59–66].

Investigating the role of local inhomogeneities has led to intriguing effects
regarding electromagnetic wave propagation in the averaged universe. Research
into the behavior of photons in an averaged geometry has been conducted [33,
34, 64], with some employing a gauge-invariant technique for averaging over the
past null cone [21, 59]. Other investigations have examined light propagation
through inhomogeneous Swiss-cheese models by reproducing the Hubble diagram
[65–67]. A derived version of the averaged null geodesic equation [58] reveals that
the equation for light propagation incorporates an effective Hubble parameter for
the averaged spacetime, which differs from that of a homogeneous spacetime.

Averaging over inhomogeneities leads to modified cosmological-distance versus
redshift relations [35, 36]. This adjustment presents intriguing consequences for
identifying signs of inhomogeneity by using measurements of the cosmic expansion
rate [42].

The various studies mentioned for establishing a macroscopic cosmological
model of our universe aim to illustrate the complexity and richness encountered in
inhomogeneous cosmology when developing a macroscopic dynamic theory of the
universe, and motivate us to further contribute to this rich domain of cosmology.
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1.2 Brief Outline of the thesis

This thesis explores the effect of including matter distribution inhomogeneities in
the universe in analyzing various astrophysical and cosmological processes. By
carefully formulating various models of inhomogeneous matter distribution, it
aims to examine multiple phenomena of our universe. A brief overview of the
thesis is given as follows:

(Chap. 2) thoroughly presents the averaging procedure employed in this thesis.
It begins with an in-depth introduction of Buchert’s averaging procedure. We
derive Buchert’s equations and discuss their similarities and differences with the
FLRW equations. We also discuss how the acceleration of spacetime can occur
within this framework. We also highlight the specific framework that we have
employed in this thesis and show the separation formulas for arbitrary partitions.

In (Chap. 3) we present our first analysis based on one of our work [47], where
we examined the effect of matter distribution inhomogeneities on gravitational
wave (GW) observables, specifically on the redshift-dependent part of the GW
amplitude. In the context of a toy model within our backreaction framework,
we initially demonstrate the impact of the averaging process on the redshift-
distance relationship. Subsequently, we analyze how the redshift-dependent part
of the GW amplitude changes with various model parameter combinations. Our
findings reveal that the variation in GW amplitude with redshift can substantially
differ from what is observed in the ΛCDM model. This underscores the crucial
role of local inhomogeneities in the precise measurement of gravitational wave
source parameters.

Next, we carry this analysis forward by now incorporating viscous matter along
with matter distribution inhomogeneities. In (Chap. 4), which is based on our
work [48], where we investigate the viscous attenuation of GW in a universe with
matter distribution inhomogeneities. As with the previous analysis, here also the
averaging procedure will modify the Hubble dynamics as compared to FLRW
models, which results in a modified redshift-distance relation. We subsequently
examine how the redshift-dependent component of the GW amplitude varies while
simultaneously taking into account the attenuation of the amplitude caused by
the cosmic fluid’s viscosity. Our analysis reveals substantial deviations following
the inclusion of viscous attenuation, which vary based on the selected values of
our model parameters. Our findings underscore the significant role of viscosity
in the context of an inhomogeneous Universe model, particularly relevant for
the accurate measurement of parameters related to compact-binary gravitational
wave sources.

In (Chap. 5), which is based on our work [53], we investigated the future decel-
eration due to backreaction in a universe with multiple inhomogeneous domains.
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We develop a spacetime model characterized by an inhomogeneous matter distri-
bution across multiple sub-domains. Within the backreaction framework, utiliz-
ing Buchert’s averaging method, we assess the impact of inhomogeneities on the
Universe’s late-time global evolution. Upon studying this universe’s future tra-
jectory, we observe a potential shift from the current accelerating phase to one of
deceleration, dictated by specific model parameters. We constrain our model pa-
rameters using observational analysis of the Union2.1 supernova Ia dataset using
the Markov Chain Monte Carlo (MCMC) method.

In (Chap. 6), which is based on our work [68], we analyzed 21 cm brightness
temperature in a universe with inhomogeneous matter distribution. We investi-
gate the 21-cm signal within our Universe, which features a non-uniform distri-
bution of matter on significantly large scales. By utilizing Buchert’s averaging
approach within a spacetime framework consisting of several inhomogeneous do-
mains, we analyze how our model parameters influence the observable brightness
temperature of the 21-cm signal. These parameters are constrained by employ-
ing the Markov Chain Monte Carlo method using the Union2.1 supernova Ia
data. Our results indicate that the presence of inhomogeneities in the Universe
may lead to a significant dip in brightness temperature compared to the ΛCDM
model prediction.

In (Chap. 7), we conclude the thesis by giving a brief summary and possible
future directions.
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Chapter 2

Formalism

In this thesis, Buchert’s averaging procedure has been used for incorporating
matter distribution inhomogeneities in the analysis.

In this averaging procedure, matter is characterized as an irrotational ideal
fluid with zero pressure [17, 25].

In this averaging procedure, notions of proper time and scale factor and the
relation between redshift and scale factor are implemented in the same way as in
the FRW case. The reliance on proper time can similarly be articulated in terms
of redshift, just like in the FRW scenario [17].

Even though inhomogeneities and anisotropies might be averaged out on larger
scales, enabling the FRW scale factor to serve as a reasonable description, it does
not follow that the FRW metric truly reflects the average geometry. This stems
from the fact that the FRW metric assumes spatial curvature as homogeneous
and isotropic, whereas in a typical spacetime, the spatial curvature is in fact inho-
mogeneous and anisotropic. Moreover, its evolution diverges from the evolution
of FRW spatial curvature, even on average. This disparity arises because regions
with positive and negative curvature evolve in distinct, uncorrelated ways, which
prevents the manifestation of FRW-like characteristics [17].

From a physical standpoint, areas exhibiting negative spatial curvature tend
to expand more rapidly than those with positive spatial curvature, leading to
the expectation that these regions will eventually occupy most of the volume,
rendering the average spatial curvature negative. The distinctive evolution of
spatial curvature, along with the interplay between overdense and underdense
regions, is key to the backreaction theory proposed to explain accelerated expan-
sion. The dynamics of spatial curvature is fundamental to understanding when
the scale factor accurately represents the universe and when it adheres to the
FRW equations [17].

We will assume that the average properties of the universe can be described
in terms of an overall scale factor without deriving the conditions under which
this assumption is valid [17].
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To find the correct dynamical equations, merely plugging the overall scale fac-
tor into the Einstein equation is inadequate. Rather, the complete inhomogeneous
and/or anisotropic metric should be incorporated into the Einstein equation, fol-
lowed by averaging. This approach is necessary because the averaged dynamics
of an inhomogeneous and/or anisotropic spacetime differ from those of a smooth
spacetime, despite having the same initial conditions. In essence, the average
characteristics of an inhomogeneous and/or anisotropic spacetime fail to satisfy
the Einstein equation. There is a common misconception that substituting an
averaged metric directly into the Einstein equation yields the same result as
inserting the actual metric into the equation and then averaging it. This discrep-
ancy arises due to the non-linear nature of the Einstein tensor Gµν with respect
to the metric, leading to ⟨Gµν(gαβ)⟩ , Gµν(⟨gαβ⟩), where ⟨⟩ denotes the process of
averaging. A more precise explanation is that the issue stems from the fact that
averaging and time evolution do not commute [17].

The prevailing belief is that even when non-linear structures commence form-
ing, the mean behavior aligns with the FRW equations when smoothing is con-
ducted on the scale of these nonlinearities. However, this assumption is contra-
dicted by the derivation of equations governing average expansion [25, 26, 69].
The existence of inhomogeneities and anisotropies influences the way the scale
factor evolves. Moreover, neither the statistical homogeneity and isotropy nor
the fact that inhomogeneous and anisotropic areas are relatively minor in size
compared to the visual horizon is adequate to reinstate FRW dynamics. [17].

2.1 The Buchert’s equations

We consider the universe’s matter to be representable as dust, which is effectively
a pressureless ideal fluid. Additionally, we assume that this dust exhibits no
rotation, meaning it has zero vorticity. These assumptions are made to make
our calculations easier, as now there won’t be any pressure and vorticity-related
terms. In this case, the flow is geodesic. Geodesic motion ensures the existence of
spacelike hypersurfaces everywhere orthogonal to the dust four-velocity, enabling
a clean 3+1 split and unambiguous spatial averages [17, 25, 27].

The Einstein’s equations are

Rµν −
1
2

gµνR = 8πGρuµuν − Λgµν (2.1)

where, Rµν is the Ricci tensor, R its trace, uµν(uµνuµν = −1) is the fluid’s 4-
velocity, Λ is the cosmological constant and ρ is the rest mass density. ρ obeys
the conservation law

(ρuµuν);µ = 0 (2.2)
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We select a coordinate system that is orthogonal to the flow, specifically Gaus-
sian or normal coordinates, that move with the fluid, expressed as xµ = (t, Xk).
Consequently, we have uµ = (−1, 0, 0, 0) and uµ = (1, 0, 0, 0). These coordinates
are used to mark geodesics in spacetime, meaning uνuµ;ν = 0. By opting for a zero
3-velocity, the coordinates are inherently comoving.

Then the metric can be written in the synchronous gauge [17, 70, 71]

ds2 = −dt2 + (3)gi jdXidX j, (2.3)

where t is the proper time that labels the hypersurfaces, Xi are Gaussian normal
coordinates in the hypersurfaces, and gi j is the full inhomogeneous spatial three-
metric of the hypersurfaces of constant t. The Einstein equation (Eq. 2.1) gives
us the following three exact, local, covariant scalar equations

θ̇ +
1
3
θ2 = −4πGρ − 2σ2 + Λ (2.4)

1
3
θ2 = 8πGρ − 1

2
(3)R + σ2 + Λ (2.5)

ρ̇ + θρ = 0 (2.6)

where a dot indicates differentiation with respect to t. The expansion rate of
the local volume element is given by θ(t, Xk) = (

√
(3)g)−1∂t(

√
(3)g), while the scalar

σ2(t, Xk) = 2σi jσi j ≥ 0 is derived from the shear tensor σi j. Here, Λ represents the
cosmological constant, and (3)R(t, Xk) denotes the Ricci scalar of the hypersurface
at a constant t, which corresponds to the spatial curvature. The acceleration
equation (Eq. 2.4) is known as the Raychaudhuri equation, and the Hamiltonian
constraint is outlined in (Eq. 2.5).

Converting the Einstein equation into a set of scalar equations results in an
open system: although we have three equations, there are four independent vari-
ables involved. Essentially, it is not possible to reduce the evolution of the shear
tensor (or, equivalently, the Ricci tensor on the hypersurface where t is constant)
to just one scalar equation. The integrability condition between (Eq. 2.4) and
(Eq. 2.5) is

∂t

(
(3)R

)
+

2
3
θ(3)R = 2∂tσ

2 + 4θσ2, (2.7)

so specifying either the shear or the spatial curvature fixes the other. Note
that no approximations have been made: the equations (Eq. 2.4)-(Eq. 2.6) are
exact for irrotational dust, with arbitrarily large density variations.

Deriving the Buchert’s equations
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We are concerned with the evolution of average quantities, with particular
interest in how the average expansion rate changes. To explore this, we adhere
to the framework established by [17, 25, 27]. The spacetime is divided into flow-
orthogonal hypersurfaces, which are characterized by a metric gi j as outlined in
(Eq. 2.3) and a proper time t. Our objective is to examine the evolution of a
compact spatial domain D, which moves with the fluid on these hypersurfaces.
This comoving attribute ensures that the domain remains embedded within the
general three-metric, meaning its configuration reflects the geometric structure of
local inhomogeneities. A key quantity defining such a domain is its volume, which
is the exclusive measure utilized here since we aim to address inquiries concerning
the domain sizes and their temporal changes. The volume of a compact spatial
domain D on these hypersurfaces is defined as [27]

VD :=
∫

D
dµg (2.8)

where dµg :=
√

(3)g(t, X1, X2, X3)dX1dX2dX3. In order to characterize the aver-
age evolution and juxtapose it with FRW models, a scale factor must be defined.
The most straightforward way to extend the concept of a universal scale factor
to an inhomogeneous or anisotropic spacetime is to define it using the volume of
the hypersurface where t remains constant. Therefore, we define a dimensionless
(‘effective’) scale factor via the volume

aD(t) :=
(

VD

VD0

)1/3

, (2.9)

normalized by the volume of the initial domain VD0 , which can be considered
the volume of the domain at the present time t0. Therefore, at present time t0,
aD(t0) = 1. The average over a scalar quantity f is defined as,

⟨ f ⟩D(t) :=

∫
D

f (t, X1, X2, X3)dµg∫
D

dµg
(2.10)

where the integral is over the hypersurface of constant t. An important prop-
erty of the averaging (Eq. 2.10) is that it does not commute with time evolution,

∂t⟨ f ⟩D = ⟨∂t f ⟩D + ⟨ f θ⟩D − ⟨ f ⟩D⟨θ⟩D (2.11)

The averaged expansion rate may be written in terms of the scale factor,

⟨θ⟩D =
V̇D

VD
= 3

ȧD

aD
(2.12)

We will also use the notation HD ≡ ȧD/aD.
Using this averaging procedure (Eq. 2.10) with the scalar equations (Eq. 2.4

12



2.1. THE BUCHERT’S EQUATIONS

- Eq. 2.6) and commuting the time derivatives as shown in (Eq. 2.11), we get
evolution equations satisfied by the scale factor (Eq. 2.9) and first derived by
Buchert,

3
äD

aD
= −4πG⟨ρ⟩D + QD + Λ (2.13)

3H2
D = 8πG⟨ρ⟩D −

1
2
⟨(3)R⟩D −

1
2

QD + Λ (2.14)
0 = ∂t⟨ρ⟩D + 3HD⟨ρ⟩D (2.15)

where ⟨ρ⟩D, ⟨(3)R⟩D and HD are the averaged matter density, averaged spa-
tial Ricci scalar and the Hubble parameter (HD := ȧD/aD) of the domain D,
respectively. The necessary condition of integrability connecting (Eq. 2.13) and
(Eq. 2.14) is given by,

1
a2

D

∂t(a2
D⟨(3)R⟩D) +

1
a6

D

∂t(a6
DQD) = 0. (2.16)

QD is called the kinematical backreaction, which is a new term compared to
the FRW equations, containing the effect of inhomogeneity and anisotropy, and
is defined as

QD :=
2
3

(⟨θ2⟩D − ⟨θ⟩2D) − 2⟨σ2⟩D, (2.17)

where θ is the local expansion rate and σ2 := 1/2σi jσ
i j is the squared rate

of shear. The Hubble parameter, denoted as HD, is linked to ⟨θ⟩D through the
equation HD =

1
3⟨θ⟩D. (Eq. 2.17) comprises the variance in local expansion rates,

expressed as ⟨θ2⟩D − ⟨θ⟩2D, along with the averaged shear scalar ⟨σ2⟩D across the
specified domain. For a homogeneous domain, this value is zero. Hence, it char-
acterizes deviations from homogeneity and is supposed to hold significance, es-
pecially during the late, inhomogeneous phases of the universe leading up to
structure formation.

(Eq. 2.16) highlights a key aspect of the averaged equations by coupling the
evolution of the average intrinsic curvature (⟨R⟩D) with the kinematical backreac-
tion term (QD). This term reflects the impact of matter inhomogeneities within
the analysis. The connection between ⟨R⟩D and QD, alongside the QD term, sig-
nifies the departure from uniformity. Unlike the typical Friedmannian model,
here the curvature term does not adhere to an a−2

D scaling constraint; rather, it
remains variable as it can be an arbitrary function of aD. It is crucial to note that
the significant influence of backreaction models stems not from the large size of
QD, but from the dynamic interplay of a non-zero QD with the averaged scalar
curvature, altering its temporal dynamics.

The Buchert equations (Eq. 2.13 - Eq. 2.15) provide an exact description of the

13



CHAPTER 2. FORMALISM

averages when matter manifests as irrotational dust. The backreaction variable,
QD, consists of two elements: the expansion rate’s variance and shear. Shear is
also found in the local equation (Eq. 2.4), where it contributes to slowing down
the expansion. On the other hand, the variance appears solely in the averaged
equations due to the non-commutation of averaging and time derivative oper-
ations as demonstrated in (Eq. 2.11), and it tends to accelerate the expansion
rate. Consequently, the Buchert equations suggest that the FRW equations are
not applicable in the presence of significant inhomogeneities. Notably, the aver-
age acceleration (Eq. 2.13) can turn positive if the expansion rate’s variance is
substantial ([16]).

We can also define cosmological parameters on the domain investigated. Sim-
ilar to the Friedmannian case, they are derived from the Hamilton constraint
(Eq. 2.14) by a division by 3H2

D. For different spatial domains, the global do-
main, and the individual subdomains, we generically formulate the cosmological
parameters by taking F to denote one of the domains - the global domain or one
of the subdomains. The definitions are

ΩFm :=
8πG
3H2

D

⟨ρ⟩D; ΩF
Λ

:=
Λ

3H2
D

ΩFR := −⟨R⟩F
6H2

D

; ΩFQ := − Q
6H2

D

(2.18)

Using these definitions, the Hamiltonian constraint (Eq. 2.14) for a domain F
reads,

ΩFm + Ω
F
Λ
+ ΩFR + Ω

F
Q =

H2
F

H2
D

(2.19)

which implies that within the domain D, the dimensionless parameters Ω sum
to 1. However, outside of this domain, their sum could be any positive value,
largely influenced by whether the corresponding region F is expanding faster or
slower relative to the region D.

Recovering the FRW equations

As with the system comprising equations (Eq. 2.4 - Eq. 2.7), the set of equa-
tions (Eq. 2.13 - Eq. 2.16) includes only three independent equations for four
independent functions: a, ρ, Q, and ⟨(3)R⟩. This implies that various inhomoge-
neous or anisotropic spacetimes may undergo distinct evolution even if they start
with the same average initial conditions. Although solving equations (Eq. 2.13 -
Eq. 2.16) is not feasible, they can be used to verify if a specific scale factor might
be a consequence of backreaction [55].

14
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Designating an additional function (or defining a relationship among the four
functions) results in a solvable system. Particularly, in the case where the shear
and the expansion rate’s variance are minimal relative to the energy density’s
influence, the Buchert equations simplify to the FRW equations. Conversely, if
either the shear or the variance of the expansion rate plays a major role compared
to the energy density in a substantial portion of space, then the FRW equations
no longer provide an accurate approximation for average behavior. This method
derives the FRW equations and also determines their range of applicability.

When shear and expansion rate variance negate each other, the average behav-
ior aligns with the FRW equations, even if these factors are significant. Notably,
the expansion depicted by the Buchert equations (Eq. 2.13 - Eq. 2.16) won’t con-
form to FRW behavior when the spatial scale of inhomogeneities and anisotropies
is small. If shear or expansion rate variance matches the contribution of energy
density in a substantial space region, the resultant behavior will deviate from
the FRW model, regardless of the limited size of individual inhomogeneous or
anisotropic areas. The expansion rate’s variance is inherently non-negative, only
disappearing in a uniformly homogeneous expansion: contributions from various
inhomogeneous regions can’t nullify each other completely. This principle also
applies to shear. (Shear and variance from diverse regions can potentially cancel
each other out.) The Buchert equations (Eq. 2.13 - Eq. 2.16) concretely depict
and measure the initial assertion of this chapter, that large-scale statistical ho-
mogeneity and isotropy don’t guarantee the scale factor’s dynamics conform to
the FRW equations.

Acceleration without acceleration

The averaged Raychaudhuri equation (Eq. 2.13) reveals that when the vari-
ance of the expansion rate is much larger than that of shear and energy density,
the overall expansion can undergo acceleration, even though the local expan-
sion rate is decelerating at every point, as described by the local Raychaudhuri
equation (Eq. 2.4). This potential for acceleration is a characteristic of the av-
eraged system and does not manifest in the local behavior. It emerges from the
non-commutativity of averaging and time evolution.

Since Q positively affects acceleration (Eq. 2.13) yet negatively influences the
Hubble rate (Eq. 2.14), it might appear that negative curvature is required to
counterbalance Q’s negative effect on the Hubble rate, as suggested in [55]. How-
ever, acceleration can occur even with a positive spatial curvature, as the key
condition is that the sum −⟨(3)R⟩ − Q increases (meaning it becomes less nega-
tive). This implies that ⟨(3)R⟩ must decrease (i.e., −⟨(3)R⟩ should increase) more
rapidly than Q grows. According to (Eq. 2.16), acceleration inherently involves
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non-FRW spatial curvature: if ⟨(3)R⟩ ∝ a−2, then Q ∝ a−6, resulting in no acceler-
ation.

2.1.1 Separation formulas for arbitrary partitions

We now adopt a particular method within the Buchert formalism, in which en-
sembles of disjoint regions represent the global domain [27, 29, 30, 35, 36, 39–52].
Here, the global domain D is partitioned into subregions Fl consisting of elemen-
tary space entities F(α)

l . Therefore, mathematically, we have D = ∪lFl, where
Fl := ∪αF(α)

l and F(α)
l ∩ F(β)

m = ∅ for all α , β and l , m.
Average of a scalar-valued function f on the domain D is given by,

⟨ f ⟩ : = |D|−1
g

∫
D

f dµg =
∑

l

|D|−1
g

∑
α

∫
F(α)

l

f dµg

=
∑

l

|Fl|g
|D|g
⟨ f ⟩Fl =

∑
l

λl⟨ f ⟩Fl

(2.20)

where

λl :=
|Fl|g
|D|g

(2.21)

is the volume fraction of the subregion Fl such that ∑
l λl = 1 and ⟨ f ⟩Fl is the

average of f on subregion Fl. The scalar quantities ρ, R and HD are governed by
(Eq. 2.20) but QD due to the presence of ⟨θ⟩2D - term, do not adhere to the above
equation and instead follow,

QD =
∑

l

λlQl + 3
∑
l,m

λlλm(Hl − Hm)2 (2.22)

where Ql and Hl are defined in subregion Fl in the same way as QD and HD

are defined in the domain D.
We can also define the scale factor al for a subregion Fl. By definition, the

different subregions are disjoint; therefore it follows that |D|g =
∑

l |Fl|g and hence,
using (Eq. 2.9), we have

a3
D =

∑
l

λlia
3
l (2.23)

where λli =
|Fli |g
|Di |g is the initial volume fraction, which can also be taken as the

volume fraction at present and can be represented as λl0 , where the subscript 0
stands for quantities calculated at the present time. Differentiating this relation
twice with respect to the foliation time results in,
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äD

aD
=

∑
l

λl
äl(t)
al(t)

+
∑
l,m

λlλm(Hl − Hm)2 . (2.24)

As a direct result, it’s evident that even when the subregions slow down, the
second term in (Eq. 2.24) can balance the first term, resulting in global accelerated
expansion.

So, now to calculate the scale factor for the global domain, aD, the second-
order differential equation (Eq. 2.24) needs to be solved. To solve this equation,
expressions for λl, the volume fractions for subregions, al(t), the scale factors for
the subregions, and Hl, the Hubble parameter for the subregions, are required.

We need to formulate specific spacetime models with inhomogeneous matter
distribution to use with the averaging procedure. These models will give us
the required expressions to solve (Eq. 2.24). Our models in this thesis span
from comparatively more straightforward two-subdomains to sophisticated multi-
subdomains. The following chapters provide details of the various models with
inhomogeneous matter distributions, along with the specific astrophysical and
cosmological processes which have been analyzed using these models.

2.2 Covariant Scheme

Generally, cosmic backreaction is analyzed through the use of spatial averages.
However, as frequently highlighted in the literature (see, for instance, [21, 60,
72–74]), one potential problem with this method is that most observations occur
on the light cone. Thus, spatially averaged quantities (including the backreaction
terms) become relevant only when they can be effectively connected to observ-
ables. After obtaining the averaged scalar quantities via Buchert’s method, the
goal is to associate these theoretically calculated quantities with observational
quantities. There have been many attempts/schemes for relating spatial aver-
ages with observations. A distance-redshift relation in an inhomogeneous Uni-
verse was derived by Futamase and Sasaki by considering an approximate metric
[20]. There is also the template scheme [75, 76]. The covariant scheme outlined
in [33, 34] has been utilized in this thesis as it is a more advanced approach based
on the procedure of averaging. The covariant scheme is given by a set of two
equations -

1 + z =
1

aD
, (2.25)

HD
d
dz

(
(1 + z)2HD

dDA

dz

)
= −4πG⟨ρD⟩DA . (2.26)

(Eq. 2.26) describes the relationship between the average angular diameter
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distance and the average redshift, based on the average rate of expansion. These
averages are calculated over a hypersurface having a constant proper time. How-
ever, our actual observations of redshift and distance occur at just one specific
location. Nevertheless, for practical purposes, the averages ⟨DA⟩ and ⟨z⟩ do cor-
respond to directly observable quantities. If the variations in DA and z remain
smaller compared to the observational errors, it is reasonable to assert that the
averages correspond to the observed quantities.

The derivation of the covariant scheme requires spatial averages to be com-
puted on hypersurfaces that display statistical homogeneity and isotropy. Impor-
tantly, it assumes that the evolution of structures occurs at a significantly slower
pace than the time it takes for a light ray to traverse the homogeneity scale.
Thus, any spacetime model with an inhomogeneous matter distribution applied
in this thesis must adhere to these conditions. These assumptions allow for the
description of distances using the average dust geometry. In this geometry, only
the term for average expansion rate and the current matter density are needed.
Notably, spatial curvature impacts solely through its influence on the expansion
rate, unlike the case in FRW models with arbitrary matter content.

2.3 Gravitational Wave Amplitude

The existence of gravitational waves (GWs) was predicted by Albert Einstein in
1916 [77, 78] within the framework of linearized Einstein theory. Einstein field
equations are given as,

Rµν −
1
2

Rgµν =
8πG
c4 Tµν. (2.27)

To begin understanding gravitational waves (GWs), we aim to examine how the
Einstein equations expand when considering the flat-space metric. This involves
assuming that the metric gµν, which characterizes the gravitational field, is a
Minkowski metric ηµν with minor perturbations. Consequently, we express this
as

gµν = ηµν + hµν, |hµν| ≪ 1, (2.28)

and we expand the equations of motion to linear order in hµν. The resulting
theory is called linearized theory.

The linearized equations of motion are written more compactly, defining

h = ηµνhµν, (2.29)

and
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h̄µν = hµν −
1
2
ηµνh. (2.30)

Making use of the gauge freedom, the linearized Einstein equations are given
as,

□h̄µν = −
16πG

c4 Tµν (2.31)

where in the context of linearized theory, □ is defined as the flat space
d’Alembertian, □ = ηµν∂µ∂ν = ∂µ∂ν.

2.3.1 The transverse-traceless gauge

Equation (Eq. 2.31) serves as a foundational result in the linearized theory for cal-
culating the generation of gravitational waves (GWs). However, to examine their
propagation and their interaction with test masses (such as in a GW detector),
we focus on this equation in regions outside the source where Tµν = 0

□h̄µν = 0 (outside the source) (2.32)

Since □ = −(1/c2)∂2
0 +∇2, (Eq. 2.32) implies that the GWs travel at the speed

of light. By making use of the residual gauge freedom, we can set [79]

h0µ = 0, hi
i = 0, ∂ihi j = 0. (2.33)

This defines the tranverse-traceless gauge, or TT gauge. This results in total
degrees of freedom reducing to just two degrees of freedom. The metric in the
TT gauge will be denoted by hTT

i j .
(Eq. 2.32) has plane wave solutions, hTT

i j = ei j(k)eikx, with kµ = (ω/c,k) and
ω/c = |k| (and the usual convention that the real part is taken at the end of
the computation). The tensor ei j(k) is called the polarization tensor. For a
single plane wave with a given wave-vector k (or for a superposition of plane
waves with different frequencies but all with the same direction of propagation
n̂ = k/|k|), we see from (Eq. 2.33) that the non-zero components of hTT

i j are in
the plane transverse to n̂ since, on a plane wave, the condition ∂ jhi j = 0 becomes
nihi j = 0 [79]. Choosing for definiteness n̂ along the z axis, and imposing that hi j

be symmetric and traceless, we have [79]

hTT
i j (t, z) =


h+ h× 0
h× −h+ 0
0 0 0


i j

cos [ω(t − z/c)], (2.34)

or, more simply,
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hTT
ab (t, z) =

h+ h×
h× −h+


ab

cos [ω(t − z/c)], (2.35)

where a, b = 1, 2 are indices in the transverse (x, y) plane; h+ and h× are called
the amplitudes of the “plus” and “cross” polarization of the wave [79].

2.3.2 Weak field sources and low-velocity expansion

Assuming the gravitational field from the GW source is sufficiently weak, we can
justifiably expand around a flat spacetime. A weak gravitational field implies
that v ≪ c, meaning that in self-gravitating systems, weak fields correspond to
low velocities. The radiation generation equations simplify significantly if the
source’s typical velocities are much lower than the speed of light. Given that
ωs characterizes the frequency of motion within the source and d is its size,
typical source velocities can be expressed as v ∼ ωsd. Consequently, the radiation
frequency ω will be of the same order as ωs, leading to ω ∼ ωs ∼ v/d [79]. In
terms of o = c/ω,

o ∼ c
v

d. (2.36)

In a non-relativistic system, v ≪ c and the reduced wavelength of the radiation
generated is much bigger than the size of the system:

non-relativistic sources =⇒ o ≫ d.

In cases where the reduced wavelength significantly exceeds the size of the
system, it is evident that understanding the detailed internal motions of the source
is unnecessary; only the key features are significant. Consequently, radiation
emission is dominated by the lowest multipole moments. The objective here is,
thus, to carry out a multipole expansion for gravitational radiation [79].

Using retarded Green’s function and tensor algebra, expression of hTT
i j at spatial

infinity can be written as [79]

hTT
i j (t, x) =

1
r

4G
c4 Λi j,kl(n̂)

∫
d3x′Tkl

(
t − r

c
+

x′.n̂
c
,x′

)
(2.37)

We define the momenta of T 00/c2 by
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M =
1
c2

∫
d3xT 00(t, x), (2.38)

Mi =
1
c2

∫
d3xT 00(t, x)xi, (2.39)

Mi j =
1
c2

∫
d3xT 00(t, x)xix j, (2.40)

Mi jk =
1
c2

∫
d3xT 00(t, x)xix jxk, (2.41)

and so on. Fourier transforming Tkl of (Eq. 2.37) and using equations (Eq. 2.38
- Eq. 2.41), the leading term of the expansion (Eq. 2.37) is [79]

[
hTT

i j (t, x)
]

quad
=

1
r

2G
c4 Λi j,kl(n̂)M̈kl(t − r/c). (2.42)

2.3.3 Mass quadrupole radiation

Here, we use the notation

ρ =
1
c2 T 00 (2.43)

To lowest order in v/c, ρ becomes the mass density. We also introduce the
quadrupole moment

Qi j ≡ Mi j − 1
3
δi jMkk =

∫
d3xρ(t,x)(xix j − 1

3
r2δi j) (2.44)

and (Eq. 2.42) becomes [79]

[
hTT

i j (t, x)
]

quad
=

1
r

2G
c4 Λi j,kl(n̂)Q̈kl(t − r/c) (2.45)

≡ 1
r

2G
c4 Q̈TT

i j (t − r/c). (2.46)

It can be shown that for a GW in a frame with axes (x, y, z), propagating in a
generic direction n̂, h+ and h× are given by [79],

h+(t; θ, ϕ) =
1
r

G
c4 [M̈11(cos2 ϕ − sin2 ϕ cos2 θ) + M̈22(sin2 ϕ − cos2 ϕ cos2 θ)

− M̈33 sin2 θ − M̈12 sin 2ϕ(1 + cos2 θ)

+ M̈13 sin ϕ sin 2θ + M̈23 cos ϕ sin 2θ]

h×(t; θ, ϕ) =
1
r

G
c4 [(M̈11 − M̈22) sin 2ϕ cos θ + 2M̈12 cos 2ϕ cos θ

− 2M̈13 cos ϕ sin θ + 2M̈23 sin ϕ sin θ]

(2.47)
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This equation allows us to compute the angular distribution of the quadrupole
radiation, once Mi j is given.

2.3.4 Quadrupole radiation from a mass in circular orbit

Here, we examine a binary system consisting of masses m1 and m2, assuming
the relative coordinate undergoes circular motion. For now, we presuppose the
characteristics of the orbital motion are defined.

So, for the moment, we rather assign ourselves the trajectory. We choose the
(x, y, z) frame so that the orbit lies in the (x, y) plane, and is given by

x0(t) = R cos(ωst +
π

2
),

y0(t) = R sin(ωst +
π

2
),

z0(t) = 0.

(2.48)

We denote by µ = m1m2/(m1 + m2) the reduced mass of the system. In the
center-of-mass (CM) frame, the second mass moment is Mi j = µxi

0(t)x j
0(t), so

M11 = µR2 1−cos 2ωst
2 , (2.49)

M22 = µR2 1+cos 2ωst
2 , (2.50)

M12 = −1
2µR

2 sin 2ωst, (2.51)

while the other components vanish. Therefore, we have

M̈11 = 2µR2ω2
s cos 2ωst, (2.52)

M̈12 = 2µR2ω2
s sin 2ωst, (2.53)

and M̈22 = M̈11. Plugging these expressions into (Eq. 2.47), we get [79]

h+(t; θ, ϕ) = 1
r

4Gµω2
sR2

c4

(
1+cos2 θ

2

)
cos(2ωstret + 2ϕ) (2.54)

h×(t; θ, ϕ) = 1
r

4Gµω2
sR2

c4 cos θ sin(2ωstret + 2ϕ) (2.55)

2.3.5 Inspiral of compact binaries

We now examine a binary system comprised of two compact objects, such as
neutron stars or black holes, considering them as point masses with masses m1,m2

and positions r1 and r2. Under the Newtonian approximation and in the center-
of-mass (CM) frame, this setup simplifies to a single-body problem characterized
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by a mass equal to the reduced mass µ = m1m2/(m1 + m2). The equation of
motion is given by r̈ = −(Gm/r3)r, where m = m1 + m2 is the combined mass and
r = r2 − r1 represents the relative coordinate. Focusing on circular orbits, the
orbital frequency ωs and the orbital radius R are connected through the condition
v2/R = Gm/R2, where v = ωsR, so we have Kepler’s law,

ω2
s =

Gm
R3 . (2.56)

The corresponding GW amplitude for such a system is given in (Eq. 2.54) and
(Eq. 2.55). In these expressions, we eliminate R in favour of ωs using (Eq. 2.56),
and we introduce the chirp mass

Mc = µ
3/5m2/5 =

(m1m2)3/5

(m1 + m2)1/5 . (2.57)

Then, (Eq. 2.54) and (Eq. 2.55) become [79]

h+(t) =
4
r

(GMc

c2

)5/3 (
ωs

c

)2/3 1 + cos2 θ

2
cos(2ωstret + 2ϕ)

h×(t) =
4
r

(GMc

c2

)5/3 (
ωs

c

)2/3
cos θ sin(2ωstret + 2ϕ),

(2.58)

Here, ωs is the orbital frequency at the point of emission. The observed fre-
quency will be redshifted by an amount ωo = ωs/(1 + z), where z is the redshift
at the point of emission. Also, r here is the comoving distance; it is related to
the luminosity distance, DL, by the relation DL = (1 + z)r. Therefore, (Eq. 2.58)
becomes,

h+(t) =
4(1 + z)5/3

DL

(GMc

c2

)5/3 (
ωo

c

)2/3 1 + cos2 θ

2
cos(2ωstret + 2ϕ)

h×(t) =
4(1 + z)5/3

DL

(GMc

c2

)5/3 (
ωo

c

)2/3
cos θ sin(2ωstret + 2ϕ),

(2.59)

The quantity of interest for our analysis in (Chap. 3) and (Chap. 4) is the
redshift-dependent part of the GW amplitude in (Eq. 2.59) given by,

(1 + z)5/3

DL

2.4 Observational Dataset

The models of spacetime with inhomogeneous matter distributions that we have
employed for various analyses in this thesis have some parameters. We would
like to constrain these model parameters using observational data. Covariant
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scheme (Sec. 2.2) allows us to calculate cosmological distances from theoretically
calculated quantities from our models. Therefore, observational datasets of cos-
mological distances are ideal for our analysis.

In principle, cosmic distances can be readily determined by using any identifi-
able class of astronomical objects with a known intrinsic brightness as a ”standard
candle.” By comparing the object’s apparent brightness to that of a nearby object
of the same class, its distance from Earth can be calculated.

Starting in 1938, Walter Baade, in collaboration with Fritz Zwicky, identified
supernovae as highly potential standard candles. Their maximum luminosity ap-
peared relatively consistent, and they were sufficiently luminous to be observable
from great distances [80, 81]. In fact, for several weeks, a supernova can shine as
brightly as a whole galaxy. Nevertheless, as the number of observed supernovae
grew over the years, it was increasingly evident that they constituted a diverse
group with a significant variability in intrinsic peak brightness.

During the early 1980s, a new method for categorizing supernovae was de-
veloped. Previously, supernovae without hydrogen lines in their spectra had all
been grouped under type I. However, this category was further divided into types
Ia and Ib based on whether a silicon absorption line was present or absent at
6150 Å in the supernova’s spectrum [82, 83]. This refinement in classification
revealed a remarkable uniformity among type Ia supernovae. Not only did their
spectra align feature by feature, but their light curves- graphs showing changes in
brightness over the weeks after a supernova explosion- also corresponded closely
[84–87].

In astronomy, the brightness of a celestial object is quantified in terms of its
magnitude. The magnitude scale is essentially a logarithmic scale. There are two
primary types of magnitudes - apparent and absolute magnitude. The appar-
ent magnitude depends on observed energy fluxes, and the absolute magnitude
represents the intrinsic luminosity of the object. The relation between absolute
magnitude, apparent magnitude, and distance modulus is given by,

m = M + 5 log10(dL/10 pc), (2.60)

where m is the apparent magnitude of the celestial object at a luminosity dis-
tance dL and M is the absolute magnitude of the object. The quantity 5 log10(dL/10 pc),
which is equal to (m − M), is called the distance modulus of the object. Here,
10 pc is the chosen standard distance of 10 parsecs.

SNe Ia serve as an excellent “standard candle” because they precisely deter-
mine the magnitude-redshift relationship across a broad spectrum of redshifts,
from z = 0 up to z ∼ 1.5, and potentially beyond this range.

The study in [88] developed an organized strategy for integrating the extensive
collections of SNe Ia datasets into a cohesive set known as the “Union” compi-
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lation. The principles underpinning the Union analysis offer several advantages.
It treats all SN Ia datasets equally, with the same light-curve fitting, cuts, and
outlier rejections. Systematic error estimates are incorporated into a covariance
matrix, which is applicable for fitting any cosmological model. The decisions on
analysis execution and specific cuts to implement are determined with the cosmo-
logical results hidden, following a“blind” approach, which helps reduce potential
biases from over-examining some datasets more than others. This methodology
was applied by the authors in [89] to formulate the Union2 compilation. The
paper also made several significant revisions and enhancements to the Union
analysis. Union2 was later updated to Union2.1, with the primary modification
being an adjustment to the host-mass-SN Ia-luminosity relation. Additionally,
the HST calibration and its related errors were also updated.

We have used Union2.1 Type Ia supernova distance modulus vs redshift data
to constrain our model parameters in (Chap. 5) and (Chap. 6).

2.5 Markov Chain Monte Carlo Analysis

In this thesis, we have constrained the parameters of our theoretical models of
spacetime with inhomogeneous matter distribution using Union2.1 Type Ia su-
pernova redshift versus distance modulus observational data by performing the
Markov Chain Monte Carlo (MCMC) analysis in (Chap. 5) and (Chap. 6).

MCMC is a computer-driven sampling technique [90]. It enables the analy-
sis of a distribution without a complete understanding of its mathematical de-
tails by randomly extracting values from it. A notable advantage of MCMC
is its capability to generate samples from distributions by relying solely on the
method for calculating their densities. The term MCMC stands for two features:
Monte-Carlo and Markov chain. Monte-Carlo refers to the method of estimating
distribution properties by analyzing random samples. For instance, instead of
computing the mean of a normal distribution using its formulae, one could apply
a Monte–Carlo approach by drawing numerous random samples from the normal
distribution and determining their mean. This approach is particularly advan-
tageous because calculating the mean from a large number of samples can be
simpler than computing it directly from the distribution’s equations, especially
when it is straightforward to draw random samples but difficult to work with the
distribution’s equations otherwise. The Markov chain aspect of MCMC involves
generating random samples through a specific sequential process. Each sample
acts as a foundation for creating the subsequent sample, forming a chain. A key
characteristic of this chain is its adherence to the Markov property, where each
new sample depends solely on its immediate predecessor, without influence from
earlier samples (this is the “Markov” property).
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MCMC is particularly useful in Bayesian inference because it focuses on poste-
rior distributions, which are often difficult to address using analytical approaches.
In these scenarios, MCMC facilitates the estimation of various aspects of poste-
rior distributions that cannot be directly calculated, such as drawing random
samples or evaluating posterior means. Bayesian inference applies data obtained
from observations, referred to as the likelihood, to update prior beliefs about
one or more parameters into a posterior state of beliefs about these parameters.
Formally, Bayes’ rule is defined as

p(µ|D) ∝ p(D|µ) · p(µ) (2.61)

where µ represents the parameter(s) we are examining and D represents the
dataset. The term p(µ|D) denotes the posterior, reflecting the probability of
µ given D. The likelihood, p(D|µ), expresses the probability of the data when
considering µ, while p(µ) stands for the prior, which is the initial probability of
µ. The symbol ∝ signifies ”is proportional to”.

The main focus of this discussion is that updating previous beliefs with new
information necessitates evaluating how likely the data is for particular values of
parameters of interest. Ideally, this evaluation would cover all possible combina-
tions of parameter values. If an analytical expression for this likelihood exists,
it can be combined with the prior analytically to derive the posterior. However,
such expressions are frequently not available. In Bayesian inference, this chal-
lenge is often addressed through MCMC methods, which involve drawing a series
of samples from the posterior to analyze their mean, range, and other character-
istics.

MCMC initiates with an initial guess, representing a potential value from the
distribution. The method utilizes this point to produce a sequence of new samples.
Generating each new sample involves two simple steps: initially, a proposal is cre-
ated by adding a slight random perturbation to the latest sample; subsequently,
this proposal is either accepted as the new sample or rejected, in which case the
previous sample is kept. There are numerous techniques for making proposals
with random noise, as well as for devising acceptance and rejection methods.
Among the various MCMC sampling strategies, the Metropolis algorithm stands
out for its popularity. In this approach, a new proposal is crafted by modifying
the previous sample with random noise, sourced from a proposal distribution that
should be symmetric and zero-centered. The validity of the proposal in relation
to the target distribution is assessed by comparing the posterior at the proposal
to that at the current sample. If the proposal’s posterior is higher, it is accepted.
If lower, it is accepted at a probability proportional to the ratio of their posterior
values. For example, with a proposal’s posterior at one-fifth of the current sam-
ple, it has a 20% chance of being accepted. If accepted, the proposal becomes the
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next sample in the MCMC chain; otherwise, the chain continues with the prior
sample. This concludes one MCMC cycle, which is followed by creating a new
proposal from the latest sample with added random noise. The sampling process
terminates once a sufficient number of samples has been gathered.

This MCMC algorithm is a reliable method for drawing samples from a dis-
tribution, particularly when the calculation of its likelihood function is the sole
known aspect. The effectiveness of the technique lies in its ability to ensure that
the sampling distribution matches the target distribution under certain condi-
tions. First, the proposal acceptance or rejection must be based on likelihoods
that accurately reflect the proposal’s density within the target distribution. In
Bayesian inference, this translates to the requirement that calculated values are
posterior likelihoods or proportional thereto—that is, the ratio between likeli-
hoods must be accurate. Second, the proposal distribution should ideally be
symmetric; if not, and in the case of asymmetry, the ’Metropolis-Hastings’ algo-
rithm, with an altered acceptance/rejection criterion, should be utilized. Lastly,
due to the potential inaccuracy of initial estimates, the Markov chain’s first phase
should be discarded since these initial samples may not be representative of the
target distribution.

The effectiveness of the sampler is significantly affected by the selection of the
proposal distribution. A large standard deviation in the proposal distribution
may result in numerous proposals falling outside the target distribution, causing
a high rejection rate. Conversely, a very small standard deviation might require
many iterations for the sampler to reach the target distribution from the initial
value. Additionally, there is a risk of becoming trapped in local maxima, where
a particular value has a higher likelihood compared to its nearby values, yet
possesses a lower likelihood relative to values that are more distant.

The proposal distribution’s width is often referred to as a tuning parameter
within the Metropolis algorithm. The practical efficiency of the sampler can be
influenced by the tuning parameter’s value, which is a notable shortcoming of the
standard Metropolis–Hastings sampling algorithm. However, there are numerous
enhanced techniques available to address this issue.

The third condition underscores the necessity of eliminating initial samples
to rectify inaccuracies related to convergence and burn-in. To address this, one
can choose starting points closer to the posterior distribution’s mode, promoting
a faster burn-in and mitigating convergence difficulties. Although finding such
starting points can be tricky, techniques like maximum-likelihood estimation can
help identify suitable options. Alternatively, running multiple chains by sampling
several times with different initial values (possibly from the prior distribution) can
be effective. Any variation in sample distributions across chains might indicate
burn-in and convergence issues. A practical tactic is to remove early samples
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from the chain’s non-stationary segments. Essentially, samples collected before
achieving convergence fail to represent the intended distribution and should be
disregarded.

For our analysis in (Chap. 5) and (Chap. 6), we have used the MCMCSTAT
package [91, 92]. We have employed the Metropolis-Hastings algorithm for our
analysis. We have taken Gaussian distributions as prior distributions for our
model parameters. This toolkit offers capabilities for creating and examining
Metropolis-Hastings MCMC chains utilizing a multivariate Gaussian proposal
distribution. More information about the analysis is provided in the relevant
sections of (Chap. 5) and (Chap. 6).
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Chapter 3

Effect of inhomogeneities on the
propagation of gravitational
waves from binaries of compact
objects

3.1 Introduction

Gravitational waves (GWs) have been an integral part of Einstein’s General Rel-
ativity since 1916 [77, 78]. These waves represent ripples in spacetime, caused
by any mass (or energy) in motion such that the concerned second mass-moment
(or quadrupole moment in the transverse-traceless gauge) exhibits a non-zero
second-order time derivative. The field of GW has recently gained attention due
to multiple detections of gravitational waves originating from compact binary
mergers, first announced by LIGO and VIRGO collaborations [93–97]. The pa-
rameters measured from these gravitational waves provide crucial insights into
the properties of their sources, including their mass range and merger rates. In
gravitational wave data analysis, it is typically assumed that the waves traverse
a homogeneous and isotropic FLRW-Universe from the source to the detector.

As discussed in (Chap. 1), observations have shown significant inhomogeneities
in matter distribution. These inhomogeneities due to structures may have im-
portant effects on length scales even as large as 500 h−1 Mpc [9]. The present
observations of gravitational waves [93–97] pertain to sources which lie well within
the scale at which there exists overall homogeneity in the Universe. Hence, ex-
amining the impact of these inhomogeneities on the propagation of gravitational
waves could be crucial for precise measurements in the emerging field of gravita-
tional wave astronomy.

Consideration of the effect of local inhomogeneities leads to certain interesting
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effects on the propagation of electromagnetic waves in the averaged Universe.
Studies investigating the motion of photons in an averaged geometry have been
performed [33, 34, 64], with some employing a gauge-invariant approach for av-
eraging on the past null cone [21, 59, 60]. Furthermore, light propagation in
inhomogeneous Swiss-Cheese models has been examined by simulating the Hub-
ble diagram [65–67]. An averaged form of the null geodesic equation has been
developed [58], revealing that the light propagation equation incorporates an ef-
fective Hubble parameter for averaged spacetime, distinct from the homogeneous
version. This leads to modified cosmological-distance versus redshift relations
when averaging over inhomogeneities [49, 51, 98]. These modifications suggest
interesting possibilities for detecting inhomogeneity signals using cosmic expan-
sion rate probes [42, 50].

Gravitational waves act as complementary messengers to electromagnetic waves,
opening up a new window to the physics of the Universe and have led to the
emergence of the field of multi-messenger astronomy. Both electromagnetic and
gravitational waves can be used together to study the expansion history of the
Universe, which is essential for the understanding of current cosmic acceleration
and the nature of gravity itself. Moreover, gravitational waves hold particular
importance for sources that do not produce electromagnetic signals. The scien-
tific discoveries arising from gravitational wave detection are vital for advancing
our knowledge across multiple fields, including physics, astrophysics, and cosmol-
ogy. In this study, our aim is to examine how local inhomogeneities within the
Universe affect the propagation of gravitational waves.

As discussed in (Chap. 1) and (Chap. 2), in order to investigate the effects of
local inhomogeneities on the dynamics at larger scales, an averaging procedure
is necessary. In this thesis, we have employed Buchert’s averaging procedure [25,
26]. In the context of Buchert’s averaging procedure, here in this analysis, we
employ a simplistic model of a two-partitioned Universe viz., all inhomogeneities
are clubbed into overdense (wall) and underdense (void) regions. Our motivation
is to investigate the change in observed amplitude of the gravitational wave signal
due to averaging over various combinations of the fractions of these two types of
partitions in comparison to the case where the gravitational wave is assumed to
traverse through a completely homogeneous and isotropic spacetime described by
the ΛCDM model. In the above framework, we consider gravitational waves from
binaries of compact objects like black holes and neutron stars in their early inspiral
stage. Our analysis demonstrates that there could be a significant deviation in the
gravitational wave amplitude as a result of backreaction due to inhomogeneities
present in the intervening spacetime between the source and detector.

This chapter is organized as follows. A brief description of our two-partitioned
model and ansatz in the context of Buchert’s backreaction formalism is presented
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in (Sec. 3.2). In (Sec. 3.3), the modification of the redshift-distance relation due to
the averaging procedure is presented. The modification of the redshift dependent
part of gravitational wave amplitude from a binary of compact objects in our
model is analyzed and compared to the case in the ΛCDM model in (Sec. 3.4).
Finally, we present some concluding remarks in (Sec. 3.5).

3.2 A model of backreaction in Buchert’s formalism

Using Buchert’s averaging procedure, as discussed in (Chap. 2), the average of
scalar quantities over a mass-preserving domain D can be calculated (Eq. 2.10).

In the context of the framework employed in this thesis (Subsec. 2.1.1), we con-
sider a simplified scenario where the domain D, which contains the path traversed
by the gravitational wave from the source to observer, can be broadly classified
into two types of regions or sub-domains [17, 35]: (i) the overdense region or
‘Wall’ and (ii) the underdense region or ‘Void’. Note that in the present work,
we will not consider any possible attenuation of the gravitational wave amplitude
due to shear effects.

We aim to investigate the difference in the observed amplitude of gravitational
waves in the two different cases, viz. (a) when the gravitational wave is assumed
to propagate through a homogeneous and isotropic spacetime, described by the
FLRW metric in the ΛCDM model, and (b) when the gravitational wave propa-
gates through an inhomogeneous spacetime, described by our model within the
Buchert framework. The luminosity distance of compact binaries from which
gravitational waves have been detected has a massive variation from the order of
50 Mpc to 5000 Mpc [99, 100]. The length scales of the cosmic voids, which are
vast spaces between large-scale structures in the Universe containing no or a neg-
ligible number of galaxies, are typically 10 to 100 Mpc [101]. So, it is pretty clear
that for the typical sources responsible for the detection of gravitational wave
events by aLIGO and VIRGO, the gravitational waves might have to traverse
through one or more of these voids while reaching the Earth. Hence, the physical
interpretation of our model is that all the cosmic voids in the path of propagation
of the gravitational wave constitute the underdense region, and the rest of the
regions rich in galaxies and other stellar matter constitute the overdense region.

Then, according to the definitions of average quantities as given in the equa-
tions (Eq. 2.9) and (Eq. 2.10), the average volume scale-factor aD and the average
Hubble parameter for our two-partitioned model are given by respectively :

aD =
( a3

u + a3
o

a3
u,0 + a3

o,0

)1/3
, (3.1)

and,
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HD = Hu
a3

u

a3
u + a3

o
+ Ho

a3
o

a3
u + a3

o
, (3.2)

where the au and ao denote the volume scale-factors of the underdense region
and overdense region, respectively. The suffix ‘0’ stands for the present time,
i.e., au,0 and ao,0 denote the present values of these scale-factors. Hu and Ho

denote, respectively, the Hubble parameters of the underdense and overdense
regions. (Eq. 3.1) shows the particular scaling of scale factors we have used for
this analysis.

In our model, we consider that the overdense region or ‘Wall’ is described by
a closed and dust-only FLRW-region and the underdense region or ‘Void’ is an
empty (or, having negligible matter-density) FLRW-region. The backreaction
term QD for our 2-domain model is given by [27],

QD = foQo + (1 − fo)Qu + 6 fo(1 − fo)(Ho − Hu)2, (3.3)

where fo denotes the volume fraction of the overdense region. For our model,
we have taken the sub-domains to be described by FLRW-regions to neglect back-
reaction on the sub-domains for simplification, i.e., Qo = 0 and Qu = 0. This stip-
ulation to FLRW is an approximate assumption governing our toy model (in the
more general case the sub-domains may not necessarily be FLRW-regions). From
(Eq. 3.3), it can be seen that control over global backreaction can be achieved
only if the individual backreaction terms are not set to zero.

The time-evolution of the scale-factors au and ao, of the underdense region
and overdense region in our model, can be described parametrically in terms of
a development-angle ϕ. We choose the following ansatz which is a generalization
of earlier formulations [35, 36, 46]:

t = t0

( ϕ − sin ϕ
ϕ0 − sin ϕ0

)
, (3.4)

ao =
f 1/3
o

2
(1 − cos ϕ) , (3.5)

au =
f 1/3
u (ϕ0 − sin ϕ0)

πt0
tβ . (3.6)

In the above set of equations (Eq. 3.4) - (Eq. 3.6), fu and fo = 1 − fu are the
fractions of volume of the underdense region and overdense region respectively
at ϕ = π. ϕ0 is the development-angle parameter at the present time and ϕ0 =

3π/2 [35]. We set the present age of the Universe t0 ≈ 13.8 Gy. au can be expressed
in terms of ϕ, by substituting the expression of the time t from (Eq. 3.4) on the
RHS of (Eq. 3.6). Here, the parameter β is chosen between 2/3 to 1, to denote
any behaviour ranging from a matter-dominated region, viz., β = 2/3, up to a
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dark energy dominated region viz., β > 1.

3.3 Modification of redshift and distance calculation in
the backreaction framework

As Buchert’s backreaction formalism is based on spatially averaged quantities over
the concerned domain, it is necessary to relate these spatially averaged quantities
to observables in cosmology. As discussed in (Sec. 2.2), we have utilized the
covariant scheme for this purpose (Eq. 2.25 and Eq. 2.26).

The covariant scheme can be applied provided that the spatial averages are
calculated on the hypersurfaces of statistical homogeneity and isotropy, and the
evolution of structure in the Universe is sufficiently slow in the time interval of
propagation of the wave from source to observer. It has been shown [35, 37] that
for a model like ours, the covariant scheme is suitable for describing the relation
between the effective redshift and cosmological angular diameter distance.
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Figure 3.1: Plot of the ratio of angular diame-
ter distance DA to the present Hubble length-
scale DH w.r.t. redshift, for the ΛCDM case
with different combinations of the fractions fu
and fo for β = 1.
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Figure 3.2: Plot of the ratio of angular diame-
ter distance DA to the present Hubble length-
scale DH w.r.t. redshift, for the ΛCDM case
with different values of the parameter β, with
the combination of the fractions fu = 0.91 and
fo = 0.09.

In the present context, the domain D on which we take the averages encom-
passes the path of propagation of the gravitational wave from the source to the
observer, and could arise from an arbitrary combination of the fractions fu and
fo. We study the redshift-distance relation for different combinations of these
fractions. In (Fig. 3.1) we plot the ratio of the angular diameter distance DA,
given by equation (Eq. 2.26), to the present Hubble-length scale (DH = cH−1

0 )
with the redshift for five different combinations of the fractions f u and f o in our
model along with the plot of DA/DH for the ΛCDM model.

It can be seen from (Fig. 3.1) that up to redshift of around 1, almost all the
curves are very close to that of the ΛCDM case, while after a certain redshift,
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each of these curves starts deviating from the ΛCDM curve. It can be ascer-
tained that for a certain combination of fu and fo, this redshift-distance relation
almost coincides with that of the ΛCDM case. By numerical calculations us-
ing Mathematica, we find that for the combination fu = 0.845 and fo = 0.155,
with β = 1, the variation of the quantity DA/DH is almost identical to that of
the ΛCDM model. As expected, departure from the ΛCDM model increases
for greater inhomogeneity, denoted by larger variation from the value of volume
fractions ( fu, fo) = (0.845, 0.155).

Next, in (Fig. 3.2) we plot the ratio of angular diameter distance DA to the
present Hubble length-scale DH w.r.t. redshift by varying the parameter β for
the combination of fractions fu = 0.91 and fo = 0.09. We chose this value of
combination ( fu, fo) as this is the combination that has been indicated by N-
body simulations of structure formations for a two-partitioned Universe at the
present time [27]. It is seen that conformity with the homogeneous (ΛCDM)
model can be achieved for intermediate values of the void expansion parameter
β(∼ 0.92), whereas, the limiting cases of matter domination (β ∼ 0.7) and dark
energy (β ∼ 1) lead to greater deviation from the ΛCDM case.

The change in the observed redshift of a comoving source in the time interval
of its observation is known as the redshift-drift. It can be given by δz = [ dz

dt

]
t=t0δt0,

where [dz/dt]t=t0 is the time-rate of change of redshift and the suffix t = t0 indicates
its value at the observation time which has been taken as the present time t0.
As the time scale of observation is generally much lesser than the time scale
of cosmological evolution, the expression of the redshift-drift δz can be further
simplified by applying the Taylor-series expansion, followed by neglecting the
higher-order terms, as given below [35]:

δz = δt0 {(1 + z)H0 − He} = δt0(1 + z)
{[∂a
∂t

]
t0
−

[∂a
∂t

]
te

}
, (3.7)

where H0 is the Hubble parameter at the time of observation, which has been
taken as the present time, and He is the Hubble parameter at the time of emission
of the signal.

The redshift-drift has been discussed in several works [35, 36, 42, 49, 102]. The
analysis appears to be the same for the electromagnetic wave and gravitational
wave sources, and the redshift-drift is directly proportional to the observation
time δt0. However, the redshift drift is minimal for gravitational wave sources;
specifically, the binaries of compact objects, viz., black holes and neutron stars,
which have been observed by aLIGO or VIRGO (δt0 is of the order of fractions
of seconds to few minutes). Hence, the magnitude of the redshift-drift would
be of very low order in these cases. However, for binaries of supermassive black
holes, from which the gravitational wave signal is expected to be detectable by
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Figure 3.3: Plot of drift of averaged redshift δz w.r.t. the redshift z, for the ΛCDM model and
for our model with different combinations of f u and f o with β = 1. The magnified region of the
curves, for range of δz between 5 × 10−17 to −3 × 10−17 is shown in inset in order to ascertain
the transition of δz from positive to negative value.

the future gravitational wave detectors like LISA, the time of observation δt0 can
be of much higher order and hence, the redshift-drift’s magnitude should increase
significantly for these type of binaries, especially at higher redshifts.

The sign of the redshift-drift indicates whether the Universe is accelerating or
decelerating in the time interval of emission and observation of the signal, while
its magnitude indicates the extent of the acceleration or deceleration. The ex-
pression of redshift-drift given in the (Eq. 3.7) implies that for an accelerating
Universe between the emission and observation times, the redshift-drift is pos-
itive. For a decelerating Universe between those times, it is negative. For the
ΛCDM model, we get acceleration from a certain time in the late Universe, from
which Λ starts dominating over the matter till the present. So, for the ΛCDM
model, we can get a positive redshift-drift only after a certain redshift. For an
inhomogeneous Universe described by Buchert’s backreaction formalism, the drift
of the averaged redshift can be effectively described by replacing the Hubble pa-
rameters’ values with the averaged Hubble parameters [35]. However, as pointed
out in Ref. [35], the exact calculation of redshift-drift is obtained through a more
elaborate process, and the drift of the averaged redshift may not represent the
exact redshift-drift correctly.

The main motivation of our present analysis is to study the effect of inhomo-
geneities on parameters of gravitational wave sources, as discussed in detail in
the next section. For the present, we will provide a calculation of the drift of the
averaged redshift. This is to reemphasize the role of inhomogeneities on the prop-
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agation of various signals (electromagnetic and gravitational) in the Universe, as
computed through the backreaction formalism. In (Fig. 3.3), we plot the drift of
the averaged redshift with respect to the redshift for the ΛCDM model and our
model with different combinations of the volume fractions fu and fo. By numeri-
cal calculations using Mathematica, we find that for the combination fu = 0.768
and fo = 0.232, with β = 1, variation of the drift of averaged redshift is almost
identical to that of the ΛCDM model. 1

It may be noted from (Fig. 3.3) that the drifts of the averaged redshift are
positive only up to a certain redshift for all the curves. The redshift at which
the value of the drift of averaged redshift transits from positive to negative is
different for each curve. This redshift of transition gradually decreases with an
increase in fo or a decrease in fu.

3.4 Change in gravitational wave observables in the back-
reaction framework

The gravitational wave amplitude from a binary of compact objects of masses m1

and m2, in the early inspiral stage where Keplerian approximations are well valid,
is given by (for cross(×)-polarization) [79]

h× =
G5/3(1 + z)5/3

DLc4

m1m2

(m1 + m2)1/3 (−4ω2/3) sin 2ωt , (3.8)

where ω is the observed angular frequency of the binary of compact objects and
DL is the luminosity distance of the binary from the observer. For the plus(+)-
polarization, the peak of the amplitude remains identical. The amplitude of
the gravitational wave at the detector depends on the redshift at which it was
generated. For a constant observed frequency, the redshift-dependent part in
the gravitational wave amplitude is (1 + z)5/3/DL. It can also be expressed as
(1 + z)2/3/D, since DL = (1 + z)D, where D is the cosmological-radial distance of
the source. We study the variation of the quantity (1+ z)5/3/DL for the two cases:
(i) a homogeneous and isotropic spacetime described by a flat FLRW metric in the
ΛCDM model, and (ii) an inhomogeneous region described by the backreaction
formalism, keeping in view that in these two cases the variations of redshift are
different.

To depict the change of variation of this quantity (1 + z)5/3/DL in the ΛCDM
model of the Universe and in the inhomogeneous Universe described by our two-
partitioned model based on the Buchert’s backreaction formalism, we plot it w.r.t.
redshift z, in (Fig. 3.4) for these two cases. For the ΛCDM model, we have taken

1We choose a time-interval of observation δt0 = 30 seconds, as for the typical binaries of compact objects,
from which gravitational wave signals are detectable by aLIGO and VIRGO, the signal is observed within a
time-duration of the order of fractions of seconds to minutes at most.
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Figure 3.4: Plot of the redshift dependent part of the gravitational wave amplitude for various
combinations of the volume fractions f o and f u, with β = 1. Position of the minima in curves
have been denoted by dots. The shifting of the minima points is clearly visualized.

the values of ΩM = 0.31 and ΩΛ = 0.69, with negligible ΩR, as is supported by
most of the cosmological observations.

For the inhomogeneous Universe, we use a set of different values of the fractions
fo and fu, as was defined earlier for our two-partitioned model.

We see from (Fig. 3.4) that as the source redshift is increased, the deviation
in the (1+ z)5/3/DL increases among different cases considered here. By numerical
calculations using Mathematica, we find that for the combination fu = 0.845 and
fo = 0.155, with β = 1, variation of the quantity (1 + z)5/3/DL is almost identical
to that of the ΛCDM model. The deviation of this term for our two-partitioned
model compared to that of the ΛCDM-model increases immensely as we vary the
values of f u and f o from the previously mentioned value. We also note that the
values of the model parameters, at which the variation of the redshift dependent
part of the gravitational wave amplitude with respect to redshift in our model
becomes almost identical to the ΛCDM-case, are different from the case for the
drift of averaged redshift.

Now, we study the the variation of (1 + z)5/3/DL w.r.t. z for different values of
the parameter β, for the combination of fractions fu = 0.91 and fo = 0.09. We see
from the (Fig. 3.5) that as the source-redshift is increased, the deviation in the
term (1 + z)5/3/DL increases for different curves shown in this graph. Again, as β
is gradually decreased from the value 1, the deviation in the term (1 + z)5/3/DL

increases for different curves. Using Mathematica, we find that for the value of the
parameter β = 0.92, with the combination fu = 0.91 and fo = 0.09, the variation
of the quantity (1+z)5/3/DL in our model is almost identical to that of the ΛCDM
model.

Therefore, it is evident that the observed gravitational wave amplitude is sub-
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Figure 3.5: Plot of redshift dependent part of the gravitational wave amplitude w.r.t. redshift
z, for the ΛCDM model and for our model for different values of the parameter β, for the
combination of fractions fu = 0.91 and fo = 0.09. Position of the minima in curves has been
denoted by dots. The shifting of the minima points is clearly visualized.

ject to change in our model, in comparison to that of the ΛCDM model, while
the amount of change depends on the effect of inhomogeneities in the domain
consisting of the path of propagation of the gravitational wave signified by the
model parameters fu, fo, and β.

An interesting consequence of the changing variation of the redshift-dependent
part of gravitational wave amplitude for our model in comparison with the ΛCDM
model follows from noting the fact [103] that the quantity (1 + z)5/3/DL has a
minimum at zmin given by

(1 + zmin)
[

d
dz

ln[DL]
]

z=zmin

=
5
3

(3.9)

We note from the (Fig. 3.4) and (Fig. 3.5), that the quantity (1 + z)5/3/DL

has different minima from that of the ΛCDM-model with variation of the model
parameters fu, fo and β. It has been argued in Ref. [103] that the (Eq. 3.9)
is independent of the gravitational wave detector, the model of cosmology un-
der consideration, as well as the binary’s characteristics, provided its rest-frame
frequency is in the inspiral phase. However, our study clearly indicates that al-
though the (Eq. 3.9) remains the same, the solution it gives for zmin varies in the
case of our backreaction model. For the ΛCDM model, the value of this mini-
mum is zmin ≈ 2.63. We note from (Fig. 3.4) that zmin decreases gradually with
the increase in fo or decrease in fu for fixed β. Besides this shifting of the zmin, the
minimum values of the quantity (1+ zmin)5/3/DL(zmin) increases with increase in fo

or decrease in fu. Again, we note from (Fig. 3.5) that for the fixed combination
fu = 0.91 and fo = 0.09, zmin decreases and the minimum value of the quantity
(1 + zmin)5/3/DL(zmin) increases if we decrease the parameter β. This shifting can
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be said to be an effect of the local inhomogeneities that have been considered in
our model.

3.5 Conclusions

In this chapter, we have studied the propagation of gravitational waves from com-
pact binary sources through a background spacetime, which, due to the presence
of structures in the late-time Universe, may not be correctly described by the
flat FLRW metric at the relevant scales. In order to take into account the ef-
fect of inhomogeneities, we have employed Buchert’s backreaction formalism [25,
27] in the framework of which we consider a two-partitioned toy model. Evolu-
tion under this model is shown to lead to a modification in the redshift versus
distance relation as well as in the drift of the averaged redshift in comparison
with the ΛCDM model, in agreement with similar earlier results [35] within the
backreaction framework.

Our analysis exhibits a substantial deviation in the variation of the redshift
dependent part of the amplitude of gravitational waves generated from binaries
of compact objects in their early inspiral stages, in the two cases, viz., (i) the
ΛCDM model, and (ii) our model based on Buchert’s backreaction formalism.
We have investigated the latter model for various combinations of the model
parameters, such as the volume fractions of overdense and underdense regions,
as well as the rate of expansion of the underdense region. We find that only for
very specific combinations of the above parameters, the variation of the redshift-
dependent part of the amplitude of gravitational wave matches with that of the
ΛCDM case. The deviation of the variation increases with the increasing effect of
inhomogeneities, quantified by the volume fractions and the void expansion rate.
Our results further display an interesting shift in the minima of the redshift-
dependent part of the gravitational wave amplitude, which is a clear consequence
of the backreaction from inhomogeneities.

Before concluding this chapter, we would like to make the following com-
ments. In the present era of precision cosmology with several upcoming probes,
the determination of properties of distant sources of gravitational waves will play
an important role in several domains of astrophysics and cosmology. The sig-
nificance of precise determination of gravitational wave observables has spurred
many recent works on ascertaining the role of effects such as primordial black
hole accretion [104, 105], and various phase transitions and inflationary scenarios
[106]. On the other hand, our present work investigates the role of observed struc-
ture in the Universe on gravitational wave propagation, using the backreaction
framework [25, 27] without invoking non-standard physics. Through our analysis,
we have found a clear signature of backreaction in the shift of the gravitational
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wave amplitude minima in the context of our simplified two-domain model. Our
present analysis should inspire further detailed calculations using more sophisti-
cated backreaction scenarios, such as multi-domain models, in order to provide
more accurate predictions of the quantitative deviation of gravitational wave ob-
servables from those obtained in ΛCDM cosmology.
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Chapter 4

Viscous attenuation of
gravitational waves propagating
through an inhomogeneous
background

4.1 Introduction

The century-old prediction of the possible existence of Gravitational waves (GWs)
in Einstein’s theory of General Relativity [77, 78] has recently found confirma-
tion from the Laser Interferometer Gravitational-Wave Observatory (LIGO), and
Virgo scientific collaborations [93–97, 107], which has opened a new window to
decipher the mysteries of Universe. With more and more GW data pouring in,
one expects that the GWs will provide more insight into diverse phenomena,
such as the origins of black holes, the extreme conditions inside neutron stars,
the chronicle of how the Universe structured itself into galaxies, the physics of
the first few moments in the aftermath of the Big-bang and the standard picture
of Universe itself.

Since gravitational wave observations are used to infer various fundamental
properties related to the source of emission, it is important to have a complete
understanding of the physics of their propagation from the source to us through
the intervening background which in the present Universe is dominated by the
dark components, viz., dark matter and dark energy. Properties of the cosmic
fluid could be a cause for significant attenuation of the amplitude of GWs prop-
agating through it. It may be noted that though electromagnetic (EM) waves
are not affected by the viscosity of matter, GWs are indeed affected by viscosity
[108–114]. GWs have to work against the viscous matter while passing through
it, resulting in a loss of their energy, which is manifested in attenuation of am-
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plitude or damping of the GWs. 1 Studies [115] have been done analyzing the
interaction between a viscous fluid (the primordial plasma in this case) and the
primordial gravitational waves using a relativistic hydrodynamic theory. There
also exist studies [116, 117] describing the damping of GWs due to non-collisional
media during propagation in alternative gravitational theories. For example, it
is possible for the longitudinal scalar modes of the GWs from Horndeski theories
to be damped by the non-collisional ensemble of massive particles.

Cosmologists have used viscosity in wide-ranging studies over the years. The
initial singularity at the Big Bang can be avoided by invoking shear and bulk
viscosity [118, 119]. Viscosity has been used to explain dark energy [120–122],
and it has been shown that the Universe’s accelerated expansion can be due to the
effect of viscosity [118, 121–126]. In certain other schemes, the neutrino mass [127]
and the 21-cm emission temperature [128] can also be constrained using viscous
cosmology. The viscous matter in the path of propagation of GWs could be most
likely in the form of certain types of dark matter [123, 129–132], though even
some of the visible stellar matter may also have some amount of viscosity. Such
dark matter with dissipative dynamics induced by viscosity can possibly settle the
strain between Planck Cosmic Microwave Background (CMB) and Large Scale
Structure (LSS) observations [133]. GWs in the presence of viscosity have been
suggested as probes of such viscous cosmological models [113].

As highlighted in (Chap. 1), cosmological observations have revealed that there
is significant inhomogeneity in matter distribution in the Universe on scales as
large as 500 h−1 Mpc [9].

As argued in (Chap. 2), these local inhomogeneities may impact the overall
evolution of the Universe, through the backreaction arising from the process of
averaging [12, 13, 19, 22, 23, 25, 27]. Recently, the Hubble tension [6, 7] arising
from a discrepancy in the inferred value of the Hubble parameter from local
measurements compared to that from early Universe physics has attracted a lot
of attention. It may be noted that backreaction-induced curvature may possibly
explain the larger values of the Hubble parameter obtained locally [134].

Generally, GW analysis is done by deeming that GW propagates through a
homogeneous and isotropic spacetime, described by an FLRW metric. However,
GW sources which are the subject of the present observations [93–97, 107] lie well
within the scale of 500 h−1 Mpc. The analysis of the effect of inhomogeneities on
the propagation of GWs may be of significance for precision measurements in the
emerging field of GW astronomy.

The motivation of the present analysis is to study the propagation of GWs
through a background containing viscous dark matter in the presence of inho-
mogeneities. It has been shown earlier that the inclusion of the effect of local

1It may be mentioned that similar damping occurs in EM waves when they traverse through any matter
having sufficiently high conductivity.
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inhomogeneities leads to a non-trivial impact on the propagation of EM waves in
averaged spacetime [21, 58, 64–67, 135]. The cosmological-distance versus red-
shift relations get modified due to averaging over inhomogeneities [20, 35, 36],
leading to interesting prospects for the detection of signatures of inhomogeneities
through observations of Hubble expansion [42]. GWs act as fellow carriers of
information to EM waves, and analysis pertaining to the former opens up a new
avenue to the physics of the evolution of the Universe starting from early times,
offering insight into the nature of gravity itself, and ranging to the current cosmic
acceleration.

GWs have particular relevance for those sources which do not emit any EM
signals. Here we consider compact objects in binary formations, e.g., black hole
- black hole (BH-BH) binaries, from which emitted GWs can be detected after
traversing through the background viscous fluid. We consider the background
dynamics arising from the backreaction of inhomogeneities due to structure for-
mation. Specifically, we employ the Buchert formalism discussed in (Chap. 2) to
quantify the effect of backreaction. In (Chap. 3), it was shown using the Buchert
framework that the amplitude of GWs produced from binaries could deviate sub-
stantially from that in the case of a homogeneous spacetime described by the
ΛCDM model [47].

In this chapter, we show that the local viscous-inhomogeneities in the path
of propagation of GWs may have a considerable impact on the GW observables.
The inclusion of viscosity affects the GW observables in ways different from the
case of its absence [47]. In the context of a simplified two-partitioned model of in-
homogeneities within the context of the Buchert framework, here we evaluate the
attenuation of GWs resulting from our model in comparison with the standard
analysis of the ΛCDM model. Our approach clearly brings out the quantita-
tive differences in the GW signal due to the inclusion of effects of viscosity and
inhomogeneities, in combined as well as separate ways.

The chapter is organized as follows. A brief description of the background
dynamics is provided in (Sec. 4.2). Here we first discuss a viscous ΛCDM model
and next describe our inhomogeneous two-partitioned model (for both viscous
and non-viscous cases) within Buchert’s averaging formalism. In (Sec. 4.3), the
modification of the redshift-distance relation due to the averaging procedure is
presented. In (Sec. 4.4), the effect of local viscous inhomogeneities on the redshift-
dependent part of the GW amplitude is demonstrated. Finally, we present con-
cluding remarks in (Sec. 4.5).
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4.2 Background dynamics

For the ΛCDM model (without viscosity), the Hubble parameter is given by the
Friedmann equation

H2(a) = H2
0

(
Ωm0

a3 +
Ωr0

a4 +
Ωk

a2 + ΩΛ

)
(4.1)

where a is the scale factor, H0 is the present value for the Hubble parameter,
Ωm0 denotes the fractional matter density components (assumed pressure less) of
the Universe, Ωr0 is the fractional radiation density term, Ωk is the term related to
the curvature, and ΩΛ denotes the cosmological constant component. In practice,
the contribution of the radiation at late times (i.e., at the time of structure
formation) is negligible compared to the matter and cosmological constant terms.
Also, observations indicate that the geometry of the Universe is almost flat, viz.,
Ωk ≈ 0.

4.2.1 Viscous ΛCDM model (vΛCDM)

GW may propagate through dark matter in its path from its source to the ob-
server. There are various theoretical models of dark matter. One of these is
the Self-Interacting Dark Matter (SIDM) model [129–132]. In this model, self-
interaction is introduced between the dark matter particles, which results in dis-
sipation in the dark matter fluid. The outcome of this dissipation is the intro-
duction of coefficients of shear and bulk viscosities [123]. In our approach, the
dark matter behaves as a viscous/dissipative component. The general structure
of this model is given by the field equation [136]

Rµν −
1
2

gµνR + Λgµν = 8πGTµν (4.2)

where Rµν represents the Ricci tensor, R represents the Ricci scalar, gµν is
the metric tensor, Λ is the cosmological constant and Tµν stands for the energy-
momentum tensor of the viscous matter. This tensor possesses both the perfect
fluid structure as well as the possible dissipative effects, such that [136, 137]

T µν = pgµν + (p + ρ)uµuν + ∆T µν (4.3)

where ρ is the density, p is the pressure and the component ∆T µν is the viscous
contribution to the fluid,

∆T µν = −2ησµν − ξΘ(gµν + uµuν) (4.4)

Here ξ is the bulk viscosity, η is the shear viscosity, Θ = uµ;µ is the expansion,
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uµ is the 4 - velocity and “;” represents the covariant derivative. For simplicity,
we set the pressure, p = 0. Then, our dark matter possesses only the viscous
pressure given by [138]

pv = −ξuµ;µ (4.5)

In the FLRW metric, the bulk viscous pressure reduces to

pv = −3Hξ (4.6)

Dark matter physics can incorporate some possible dissipative mechanisms
[123, 129–133]. Only the bulk viscosity remains compatible with the assumption
of large-scale homogeneity and isotropy. The other processes, like shear and
heat conduction, are directional mechanisms that decay as the Universe expands.
Shear viscosity has mostly been neglected in these studies on the grounds of
not contributing to a homogeneous and isotropic universe, which is undoubtedly
true at the large-scale background level [138, 139]. Hence, for our purpose, for
this viscous ΛCDM model, shear viscosity does not contribute to the dynamics
of an isotropic and homogeneous background. However, shear viscosity does
indeed play a role in the attenuation of gravitational waves, as we will see later
in (Sec. 4.4).

Now, for a viscous ΛCDM model, using the FLRW metric, the Friedmann
equation reads,

H2 ≡
( ȧ
a

)2

=
8πG

3
ρv +

Λ

3
. (4.7)

Here, ρv stands for the density of viscous matter and denotes all the matter
components. We have assumed that all the matter components are endowed with
viscous properties. For our purpose here, a proper separation between baryons
and dark matter is unnecessary. One should also recall that baryons contribute
about 1/6th of the present total matter distribution; thus, this is not expected to
lead to appreciable changes in our analysis, as baryonic matter is a subdominant
component in comparison to dark matter. By defining the fractional densities
Ωv = 8πGρv/(3H2

0) and ΩΛ = Λ/(3H2
0), where H0 is the present value for the

Hubble parameter, the Friedmann equation (Eq. 4.7) becomes

H2 = H2
0(Ωv + ΩΛ) (4.8)

Using now the fluid equation for ρv, one gets

ρ̇v + 3H(ρv + pv) = 0. (4.9)

(Eq. 4.9) can be recast as an equation for the fractional density Ωv as
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a
dΩv

da
+ 3Ωv(1 + ωv) = 0 (4.10)

where we have defined the fluid equation of state parameter for the viscous
dark matter fluid, ωv, as

ωv ≡
pv

ρv
= −3Hξ

ρv
(4.11)

Using this formalism, Ωv as a function of the red-shift z is calculated. The
corresponding quantity in the ΛCDM case is Ωm0(1 + z)3 (Eq. 4.1).

4.2.2 A model of backreaction in Buchert’s formalism

In this work, we investigate the simultaneous impact of inhomogeneities and
viscosity of the matter contained in the overdense region on the amplitude of GWs
for the same type of sources. For incorporating the effect of matter distribution
inhomogeneities, we have employed Buchert’s averaging procedure outlined in
(Chap. 2).

We consider two cases - (a) when the GW is assumed to propagate through
a homogeneous and isotropic spacetime (with and without viscosity of associ-
ated matter), described by the FLRW metric, in the ΛCDM model, and (b)
when the GW propagates through an inhomogeneous spacetime (both viscous
and non-viscous cases), described by our model specified above. The physical
interpretation of the underdense region in our model is that it represents the
cosmic voids in the path of propagation of the GWs, and the overdense region
represents all the matter content in that path. In this work, we have considered
both scenarios (viscous and non-viscous) for the matter present in the overdense
region of our model. A point to note here is that we are not considering viscous
matter in addition to non-viscous matter. The total matter content in both the
non-viscous case and the viscous case is the same. It’s just that in the viscous
case, the matter content has viscous properties too. The overdense viscous region
in our model portrays a viscous dark matter fluid.

4.2.2.1 Non-viscous case (no bulk and shear viscosity)

Expressions for the scale factors for the two types of regions, overdense (non-
viscous in this case) and underdense, for this model, are given as [44, 45],

ao = cotα, (4.12)
au = cutβ. (4.13)

Here, o represents the overdense region, and u represents the underdense re-

46



4.2. BACKGROUND DYNAMICS

gion. In this model, the scale factors of the two regions are proportional to cosmic
time raised to some powers α and β for over- and under-dense regions, respec-
tively. α varies from 1/2 to 2/3 since the evolution of au is expected to be faster
than that for the radiation-dominated case (1/2) and limited by the maximum
value for the matter-dominated case (2/3). β varies from 2/3 to 1 to denote
any behaviour ranging from a matter-dominated region (β = 2/3) up to a dark
energy-dominated region (β > 1). cu and co are constants of proportionality and
are given respectively as:

co =
aD0

tα0
,

cu =
aD0

tβ0
,

where aD0 is the scale factor at the present time for the domain D. For present
time t0 ≈ 13.8 Gy, aD0 = 1 and H0 = 100 h km sec−1 Mpc−1. Therefore,

co =
1
tα0
, (4.14)

cu =
1

tβ0
, (4.15)

Using (Eq. 2.24) for our model we get,

äD

aD
= λo

äo

ao
+ λu

äu

au
+ 2λoλu(Ho − Hu)2. (4.16)

Here λo = Vo/VD is the volume fraction for the overdense region, Vo is the
volume of the overdense region and λu is the volume fraction of underdense region
such that λu + λo = 1. Now, using (Eq. 2.9), Vo can be written in terms of scale
factor and initial volume fraction, λo =

a3
oVo0

a3
DVD0

, where Vo0 is the volume of the
overdense region at some reference time t0. This, in turn, gives us,

λo = k1
t3α

a3
D

. (4.17)

where k1 =
λo0 a3

D0
t3α0

is a constant and λo0 , aD0 , t0 are the present volume fraction
of overdense region, the present global scale factor and the present time, respec-
tively. (Eq. 4.17) shows that the volume fraction of the overdense region is a
function of α and β (through aD as aD is a function of both α and β). Similarly, it
can be shown that the volume fraction of the underdense region is a function of
α and β. This implies that (α, β) governs the volume fractions of the 2 subregions
in our 2-domain model. The present values of volume fractions of the 2 region
are taken as (λo0 , λu0) = (0.09, 0.91) [27]. Solving (Eq. 4.16) gives us an expression
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for aD, and using that expression in (Eq. 2.13) gives us an expression of ⟨ρ⟩D for
our model.

4.2.2.2 Viscous case

The sub-regions in our backreaction model are essentially FLRW regions. Hence,
their dynamics are also governed by the standard Friedmann equations (Eq. 4.1,
Eq. 4.7). Only our overdense region has viscous matter contained in it. So, for
our overdense region, the Friedmann equation reads (we have taken Λ = 0),

Hv
2
o ≡

(
˙avo

avo

)2

=
8πG

3
ρvo. (4.18)

Here, avo is the scale factor for our viscous overdense region, Hvo is the Hubble
parameter for our viscous overdense region, and ρvo stands for the density of
viscous matter in our overdense region and denotes all the matter components.
We have assumed that all the matter components of our overdense region are
endowed with viscous properties similar to the ΛCDM model with viscosity. Also,
since our overdense region is an FLRW region (homogeneously and isotropically
overdense), here too the shear viscosity with coefficient η doesn’t have any effect
on the dynamics of the background. The fluid equation for ρvo is given by,

˙ρvo + 3Hvo(ρvo + pvo) = 0. (4.19)

where pvo is the bulk viscous pressure given by

pvo = −3Hvoξ (4.20)

By defining the fractional densities Ωvo = 8πGρvo/(3H2
0), equation for the frac-

tional density Ωvo is given as,

ao
dΩvo

dao
+ 3Ωvo(1 + ωvo) = 0 (4.21)

where we have defined the fluid equation of state parameter for the viscous
dark matter fluid for our overdense region, ωvo, as

ωvo ≡
pvo

ρvo
= −3Hvoξ

ρvo
(4.22)

Since (Eq. 4.21) is a first-order differential equation, we require one boundary
condition to solve it. We take this boundary condition from our non-viscous
backreaction model, given by

Ωvo(z = 0) = Ωo(z = 0) (4.23)
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where Ωo is the fractional density of the overdense region from the non-viscous
case.

The scale factor for our overdense region in our viscous backreaction model is
calculated using (Eq. 4.22, Eq. 4.21, and Eq. 4.18). The boundary condition used
for solving (Eq. 4.21) is (Eq. 4.23). The avo that we get from the above-mentioned
analysis is a function of (α, β). The scale factor for the underdense region, au, is
still given by (Eq. 4.13). The scale factor for domain D in this case avD is given
by,

ävD

avD
= λo

ävo

avo
+ λu

äu

au
+ 2λoλu(Hvo − Hu)2 (4.24)

The equation for the backreaction term in this case, QvD is given by (Qu =

0; Qo = 0),

QvD = 6λo(1 − λo)(Hvo − Hu)2, (4.25)

Solving (Eq. 4.24) gives us an expression for avD. (Eq. 4.25) leads to an ex-
pression for QvD. Using these expressions in (Eq. 2.13), we get an expression of
⟨ρ⟩vD for our viscous backreaction model. The present value of the bulk viscos-
ity parameter has been estimated in the literature based on various theoretical
considerations and observations [114, 126, 140, 141]. By solving the energy con-
servation equation for bulk viscous flat Friedmann universes, the coefficient of
bulk viscosity at the present time ξ has been estimated to be ∼ 106 Pa sec in
[141]. Other analyses based on comparing the theoretical curves for H = H(z)
with observations [142], and by studying the asymptotic behaviour in the equiva-
lent phase space in a Friedmann model of the Universe with bulk viscous matter
[143] have also been performed. In [144], a value of ∼ 107 Pa sec for ξ has been
suggested. Considering all the above studies, a reasonable range for ξ may be
taken as 105 Pa sec < ξ0 < 107 Pa sec. For our present work, we have used the
mid-range value of 106 Pa sec in the red-shift range 0 ≤ z ≤ 5.

In (Fig. 4.1) we provide a plot of the Hubble parameter versus the redshift
for ΛCDM, viscous ΛCDM, and for our viscous backreaction model for various
values of the backreaction model parameters. The underdense region in our model
represents the cosmic voids in the path of propagation of the GWs, and the
overdense region represents all the matter content in that path, where the effect of
viscosity is directly evident. In (Fig. 4.1), for the plots of our viscous backreaction
model, we fix the value of β at 0.8 (representing a mid-range value in the range
of values of β - (2/3, 1)), and we vary the values of α. As expected, for a fixed β,
curves with larger values of α lead to larger values of the Hubble parameter. It
can be seen that backreaction from inhomogeneities may lead to a departure from
the background Hubble evolution that may get accentuated for higher redshifts.
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Figure 4.1: Plot of Hubble parameter vs redshift z for the ΛCDM model, viscous ΛCDM model
and our viscous backreaction model. Plots for our viscous backreaction model are for varying
values of α with a fixed value of β = 0.8. The value of ξ used is 106 Pa sec. The value of H0
used is 100 h km s−1 Mpc−1 ≃ 0.07 Gyr−1, with h = 0.7. Parameters used for ΛCDM are Ωm =
0.31, ΩΛ = 0.69. The inset shows the magnified portion of the plots at higher redshift values.

4.3 Redshift and distance relation

Buchert’s averaging scheme provides us with a method of spatially averaging
scalar quantities in the backreaction framework. Such quantities need to be
related to cosmological observables. We have employed the covariant scheme
discussed in detail in (Sec. 2.2) for this purpose.

Certain conditions must be satisfied to apply the covariant scheme. These are:
(i) spatial averages are determined on hypersurfaces of statistical homogeneity
and isotropy, and (ii) structure evolution is slow compared to the travel time of
GW from the source to the observer.

For our model, domain D is the region of spacetime through which the GW
travels while propagating from the source to the observer. Domain D could
have any combination of fractions of underdense and overdense regions, i.e. any
combination of (λu, λo) as long as λu + λo = 1 is satisfied. (λu, λo) in turn are
governed by (α, β). In this work, we take various combinations of allowed values
of (α, β) in our analysis. Using the expressions for HD and ⟨ρD⟩ that we calculated
from our model for the two cases - viscous (with only ξ, but no η since η doesn’t

50



4.3. REDSHIFT AND DISTANCE RELATION

affect the background) and non-viscous, and using the covariant scheme (Eq. 2.25,
Eq. 2.26), we can calculate DA for our model.
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Figure 4.2: Plot of the ratio of angular diameter distance DA to the present Hubble length DH

w.r.t. redshift, for the ΛCDM case and for our backreaction model with different combinations
of β and fixed value of α = 0.5 for both viscous and non-viscous cases. Value of ξ used is 106

Pa sec. Parameters used for ΛCDM are Ωm = 0.31, ΩΛ = 0.69. The inset shows a magnified
portion of the plots for our backreaction model.

In (Fig. 4.2), we plot the ratio of angular diameter distance for our model to
the present Hubble-length (DH = cH−1

0 , value of H0 (present value of H) used is
100 h km s−1 Mpc−1 ≃ 0.07 Gyr−1, with h = 0.7) as a function of effective redshift
with different combinations of (α, β). We have studied earlier the effect of varying
α on the dynamics (Fig. 4.1). Here in (Fig. 4.2) we explore the effect of varying
β on the angular diameter distance, choosing a fixed value of α = 0.5. The value
of ξ used is 106 Pa sec in the range 0 ≤ z ≤ 5 [114]. From this figure, one can
see that for low redshifts (z < 0.5), curves for our model overlap with each other
and with the ΛCDM curve, but as we increase the redshift, curves start deviating
from the ΛCDM curve. Inclusion of viscosity in the analysis results in deviation
in the plots for both the ΛCDM model and our model. For the ΛCDM case, the
plot of the viscous case (dashed) has a higher magnitude than the non-viscous
case (solid). It is observed that for lower values of z (z ⪅ 2), plots of viscous
cases (dashed curves) for our backreaction model have a higher magnitude of DA

for the same value of z in comparison to corresponding non-viscous cases (solid
curves) and for z ⪆ 2, the magnitude of DA for viscous cases (dashed curves) are
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smaller than those for the non-viscous cases (solid curves) for our model.
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Figure 4.3: Plot of the ratio of luminosity distance DL to the present Hubble length DH w.r.t.
redshift, for the ΛCDM case and for our backreaction model with different combinations of β
and fixed value of α = 0.5 for both viscous and non-viscous cases. The value of ξ used is 106 Pa
sec. Parameters used for ΛCDM are Ωm = 0.31, ΩΛ = 0.69. There are two insets in the figure.
Inset (a) shows the magnified portion of the plots at lower values of redshift, from z = 1.4 to
z = 1.6. Inset (b) shows the magnified portion of the plots at higher values of redshift, from
z = 4.5 to z = 5.

In (Fig. 4.3), the ratio of luminosity distance DL to the present Hubble length
DH is plotted with respect to redshift z for both viscous and non-viscous cases of
ΛCDM and our backreaction model. DL is calculated from DA (Fig. 4.2) using
the relation DL = (1 + z)2DA. There are two insets in the figure. It can be seen
here too that for low redshifts (z < 0.5), the curves for our model overlap with
each other and with the ΛCDM curve, but as we increase the redshift, the curves
start deviating from the ΛCDM curve. Inset (a) shows the magnified portion
of the plots at lower values of redshift, particularly around the value of z for
which the plots of DA/DH turn around in (Fig. 4.2). As in (Fig. 4.2), plots for
the viscous backreaction model (dashed curves) have a larger magnitude than
the non-viscous case (solid curves) for about z ⪅ 2. For z ⪆ 2.5, plots for the
viscous case have a smaller magnitude than the non-viscous case, similar to plots
in (Fig. 4.2). This behaviour is shown in the inset (b). A point to note is that
this behaviour is not observed for the ΛCDM case, where viscous case plots have
a larger magnitude throughout the range of z of our interest. In inset (b), purple
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(backreaction (β = 0.8)) and red (backreaction (β = 0.7)) plot lines overlap, which
is similar to the case of (Fig. 4.2) at this value of z. Another feature of the plots for
our backreaction model can be observed at higher redshift z. It can be seen that
the difference between the solid and dashed lines (representing the non-viscous
and viscous cases, respectively) increases with larger values of β. Specifically, the
difference between the red lines is smallest for the lowest values of β, while the
difference between the brown lines is largest for the highest values of β.

4.4 Gravitational wave amplitude

The amplitude of GW from a binary of compact objects of masses m1 and m2 in
the early inspiral stage, where Keplerian approximations are well valid, is given
by (for the cross(×)-polarization) [79]

h× =
G5/3(1 + z)5/3

DLc4 ∗ m1m2

(m1 + m2)1/3 (−4ω2/3)S in 2ωt , (4.26)

where ω is the observed angular frequency of the binary of compact objects and
DL is the luminosity distance of the binary from the observer. For the plus (+)-
polarization, the peak of the amplitude remains identical. For a constant observed
frequency, the redshift-dependent part in the GW amplitude is (1 + z)5/3/DL.

The amplitude of GW given in (Eq. 4.26) is derived without considering the
effect of viscosity on the propagation of the GW. In Ref. [113], the authors have
studied the effect of the viscosity of the cosmic fluid, particularly dark matter, on
the GW amplitude and have estimated its effect on the GW amplitude. Assessing
the impact of viscosity, after traveling a proper distance L = ar, the GW gets
attenuated by the factor (see Appendix A)[113]

A = L∗e−
γ
2 L/L, (4.27)

where L∗ is the proper source distance for zero shear viscosity and γ = 16πGη,
where η is the coefficient of shear viscosity for the region through which GW is
propagating. The attenuation factor in terms of luminosity distance DL is given
by :

A =
DL∗

DL
e−

γ

2(1+z)2
DL , (4.28)

where DL = (1 + z)2L. DL∗ is the luminosity distance of the source, for zero
shear viscosity. Therefore, the total redshift-dependent part of the attenuated
GW amplitude (let’s represent this quantity by F(z)) is given by
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Figure 4.4: Plot of F(z) for the ΛCDM model for both viscous and non-viscous cases. The
value of ξ used is 106 Pa sec. Plots for viscous cases are for the applicable range of values of η
between ∼ 106 Pa sec and ∼ 109 Pa sec. The dashed orange plot represents the favored value
of η. Parameters used for ΛCDM are Ωm = 0.31, ΩΛ = 0.69. The inset shows the magnified
portion of the plot for the ΛCDM model and for our backreaction model (η = 106 Pa sec).

F(z) =
(1 + z)5/3

DL∗
A =

(1 + z)5/3

DL∗

DL∗

DL
e−

γ

2(1+z)2
DL
=

(1 + z)5/3

DL
e−

γ

2(1+z)2
DL . (4.29)

For non viscous case (η = 0),

F(z, η = 0) =
(1 + z)5/3

DL
(4.30)

The luminosity distance DL is calculated from angular diameter distance, DA

as DL = (1 + z)2DA. Since, DL = (1 + z)2L, for the flat FLRW spacetime, DA gives
a good measure of the proper distance L. DA for flat spacetime is given by

DA =
DC

(1 + z)
=

DH

(1 + z)

∫ z

0

dz′

E(z′)
(4.31)

where DC is the comoving distance which is given as DH

∫ z

0
dz′

E(z′) where DH is
the Hubble distance (= c

H0
, where H0 = 100 h km s−1 Mpc−1 ≃ 0.07 Gyr−1, with

h = 0.7.) and E(z)ΛCDM ≡
√
ΩM(1 + z)3 + ΩΛ for the ΛCDM model (non-viscous
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case) (throughout this work, parameters used for ΛCDM are Ωm = 0.31, ΩΛ =
0.69. ) and E(z)vΛCDM ≡

√
Ωv + ΩΛ for the viscous ΛCDM model, where Ωv is

the fractional density for viscous matter which has a contribution from the bulk
viscosity ξ (Subsec. 4.2.1). Hence, now, for viscous ΛCDM case (vΛCDM),

F(z)vΛCDM =
(1 + z)5/3

DLv

e−
γ

2(1+z)2
DLv . (4.32)

where DLv is the luminosity distance in the presence of viscosity, i.e., it is
calculated using E(z)vΛCDM. For non viscous ΛCDM case,

F(z)ΛCDM =
(1 + z)5/3

DL∗
(4.33)

where DL∗ is the source luminosity distance in the absence of viscosity, i.e., it
is calculated using E(z)ΛCDM.

The value of the shear viscosity parameter η has been estimated in earlier
works to lie within the range ∼ 106 Pa sec and ∼ 109 Pa sec [113, 114, 145].
Gravitational wave observation data from LIGO has been used to put constraints
on the value of η [113]. Ref. [145] used the relativistic Boltzmann equation to
examine the theory of viscosities at the time of neutrino decoupling. The analysis
of [145] to calculate the present-day value of η was subsequently employed in [114],
to relate the value of η at the time of neutrino decoupling with the present value
using a scaling relation, leading to the value of 108 Pa sec. Our present analysis
uses the above value of 108 Pa sec as the most favored one.

In (Fig. 4.4), we plot the overall redshift-dependent part, F(z) (both F(z)vΛCDM

& F(z)ΛCDM), given in (Eq. 4.32 and Eq. 4.33) with respect to redshift z, for the
range of values of η between ∼ 106 Pa sec and ∼ 109 Pa sec. The plots for viscous
cases in (Fig. 4.4) have contributions from both bulk viscosity ξ (through DLv)
and shear viscosity η. It was argued in Ref. [113] that since ξ only couples to
scalar perturbations, it doesn’t play a role in the attenuation of GWs, and only
η affects the GW amplitude. However, from our analysis, it is clear that both ξ
and η affect the GW amplitude, with the role of the former entering through the
modified background dynamics due to bulk viscosity.

The expressions given in (Eq. 4.32 and Eq. 4.33) are valid for a space with ho-
mogeneous mass distribution. To examine the variation of the redshift-dependent
part of GW amplitude for our model, we have to modify the expressions accord-
ingly. For our backreaction model, the relation DL = (1 + z)2DA is valid too, but
in this case DA is calculated using the covariant scheme (Eq. 2.25, Eq. 2.26). Our
model represents a space with an inhomogeneous mass distribution, where there
are two types of regions, viz., over-dense and under-dense, and viscosity is only
associated with the over-dense region, as the under-dense region is assumed to be
empty.
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Hence, in the exponential term of the F(z) in (Eq. 4.29), e−
γ

2(1+z)2
DL , for our

model, DLo would replace DL, where DLo is the luminosity distance traversed by
the GW through the over-dense region only. So, the exponential term of the
F(z) in (Eq. 4.29) for our model is now given by e−

γ

2(1+z)2
DLo . In the ΛCDM model,

incorporating viscosity results in an attenuation factor with DL in the exponential
factor, where DL is the total luminosity distance traversed by the GW. Viscosity
is not distributed through the entire path of the GW but is concentrated only in
some regions. Using DL in the ΛCDM model results in a larger deviation between
the attenuated and unattenuated cases in the ΛCDM model, compared to our
model.

An important consideration for the propagation of EM waves for a model like
ours (inhomogeneous 2-domain model) is that the ratio of distances traveled by
EM waves through the two regions is equal to the ratio of proper volumes of the
two regions [35]. It is clear that this also holds for GWs. This condition gives,

DLo

DLu

=

(
ao

au

)3

, (4.34)

where DLo and DLu are the luminosity distances traversed by the GW through
the over-dense and under-dense regions, respectively. If the total luminosity dis-
tance traveled by the GW in our model is DLv2d (v2d stands for viscous 2-domain
inhomogeneous model, this DLv2d is calculated for the viscous case of our model
(subsubsection 4.2.2.2) using DA calculated from the covariant scheme (Eq. 2.25,
Eq. 2.26)), then DLv2d = DLo + DLu , which gives,

DLo

(
1 +

DLu

DLo

)
= DLo

1 + (
au

ao

)3 = DLv2d ,

or,

DLo =
DLv2d(

1 +
(

au
ao

)3
) . (4.35)

Therefore, the exponential term in the total redshift-dependent part of the
attenuated GW amplitude for our model now becomes,

E = e
− γ

2(1+z)2

DLv2d(
1+( au

ao )3
)
, (4.36)

and the total redshift-dependent part of the attenuated GW amplitude for our
viscous model is given by,

F(z)v2d =
(1 + z)5/3

DLv2d

E = (1 + z)5/3

DLv2d

e
− γ

2(1+z)2

DLv2d(
1+( au

ao )3
)
. (4.37)
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Figure 4.5: Plot of F(z) vs z for ΛCDM model and for our model for (α, β) = (0.67,1). The solid
curves are for non-viscous cases. The dotted curves are for those cases in which only ξ has been
included. The dashed curves have contributions from both ξ and η. The value of ξ used is 106

Pa sec. Parameters used for ΛCDM are Ωm = 0.31, ΩΛ = 0.69. The inset shows the magnified
portion of the solid curve and the dotted curve for the two models to illustrate the difference
between these two curves.

The redshift-dependent part of the GW amplitude for our non-viscous model
(subsubsection 4.2.2.1) is given by,

F(z, ξ = 0, η = 0)2d =
(1 + z)5/3

DL∗2d

. (4.38)

where 2d stands for non-viscous 2-domain inhomogeneous model and DL∗2d is
the source luminosity distance for the case of our non-viscous 2-domain inhomo-
geneous model. Therefore, for our model, the deviation of the redshift-dependent
part of GW amplitude due to viscous attenuation can be written as,

F(z, ξ = 0, η = 0)2d − F(z)v2d = (1 + z)5/3


1

DL2d

− e
− γ

2(1+z)2

DLv2d(
1+( au

ao )3
)

DLv2d

 . (4.39)

To summarize, the redshift-dependent part of GW for a homogeneous and non-
viscous spacetime (ΛCDM model) is given by (Eq. 4.33). Now, if we introduce
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matter distribution inhomogeneities, then F(z) gets modified due to modification
of the redshift-distance relations, and is now given by (Eq. 4.38). It can be seen
that,

F(z, ξ = 0, η = 0)2d = F(z)ΛCDM ×
DL∗

DL∗2d

(4.40)

Therefore, the effect of inclusion of matter distribution inhomogeneities on the
redshift-dependent part of the GW amplitude is equivalent to multiplication by
the factor DL∗

DL∗2d
.

On further introduction of viscosity in the analysis, GW in our backreaction
model gets attenuated by the attenuation factor (using (Eq. 4.36)),

A =
DL∗2d

DLv2d

E = DL∗2d

DLv2d

e
− γ

2(1+z)2

DLv2d(
1+( au

ao )3
)

(4.41)

where DL∗2d is the luminosity distance for the case of our non-viscous 2-domain
inhomogeneous model, calculated using the covariant scheme.

Thus, the total redshift dependent part of GW in the presence of viscous
inhomogeneities becomes (using (Eq. 4.37),(Eq. 4.38), (Eq. 4.40) & (Eq. 4.41)),

F(z)v2d = F(z)ΛCDM ×
DL∗

DL∗2d

× A = F(z, ξ = 0, η = 0)2d × A

=
(1 + z)5/3

DL∗2d

× DL∗2d

DLv2d

E = (1 + z)5/3

DLv2d

E = (1 + z)5/3

DLv2d

e
− γ

2(1+z)2

DLv2d(
1+( au

ao )3
) (4.42)

In (Fig. 4.5), we plot the redshift-dependent part of the GW amplitude, F(z) vs
z for the ΛCDM model and for our model for model parameter (α, β) = (0.67, 1).
There are 3 curves for each model. The solid curve represents the non-viscous
case; the dotted curve represents the case in which only the bulk viscosity has
been included in the analysis, and the dashed curve represents the case with
both bulk viscosity and shear viscosity in the analysis. As can be seen from
(Fig. 4.5), even if we just consider bulk viscosity, there is also a deviation of the
redshift-dependent part of the GW amplitude (dotted curve) with respect to the
non-viscous case (solid curve). This is because the redshift-dependent part of
the GW amplitude consists of DL and ξ, which affects this DL via the quantity
E(z) (Eq. 4.31). On further inclusion of η in the analysis, the redshift-dependent
part of the GW amplitude gets attenuated (dashed curve). In this case, F(z) for
viscous ΛCDM model is given by (Eq. 4.32), for non viscous ΛCDM model by
(Eq. 4.33), for our non viscous model with inhomogeneities by (Eq. 4.38) and for
our viscous model with inhomogeneities, it is given by (Eq. 4.37).

In (Fig. 4.6), we plot the redshift-dependent part of the GW amplitude, F(z)
vs z for the ΛCDM model and for our model for different combinations of model
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Figure 4.6: Plot of F(z) vs z for ΛCDM model and for our model for different combinations
of (α, β) while keeping β = 0.8 as constant. The solid curves are for non-viscous cases. The
viscous cases represented by dashed curves have contributions from both ξ and η. The value of
ξ used is 106 Pa sec. Parameters used for ΛCDM are Ωm = 0.31, ΩΛ = 0.69. Circular points
represent the minima for the solid (non-viscous)curves, while triangular points represent the
minima positions for the dashed (viscous) curves. The inset shows the magnified portion of the
three dashed curves of our backreaction model to illustrate the difference between these curves.
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parameters (α, β). Here, we have kept β constant = 0.8, and we vary the value
of α. The solid curves represent the non-viscous cases, and the dashed curves
represent the viscous case with contributions from both ξ and η. The redshift-
dependent part of the GW amplitude, i.e., the quantity (1+z)5/3/DL in the case of
ΛCDM, has a minimum at zmin ≃ 2.63 [146]. In (Fig. 4.6) we display the minima
points of the various curves. Circular points represent the minima for the solid
(non-viscous) curves, while triangular points represent the minima positions for
the dashed (viscous) curves. We observe that the minima for the vΛCDM curve
deviate significantly from the ΛCDM case. For our backreaction model (both
viscous and non-viscous), minima points deviate significantly from the ΛCDM
case. It can be seen from the figure that for the non-viscous cases of our model,
all three plot lines and their minima points for different values of α overlap. F(z)
for the non-viscous cases is given by (Eq. 4.38). Since the value of (1 + z)5/3 is
the same for all (α, β), the only quantity varying with changing (α, β) is DL. The
volume fraction of the overdense region at the present time is taken as 0.09, and
the range of variation of α, which governs the evolution of the overdense region,
is from 0.5 − 0.67. Since the overdense volume fraction is so small, the variation
of α over this small range (0.5 - 0.67) doesn’t have much effect, and hence, the
plot lines for the non-viscous cases overlap in (Fig. 4.6).

From (Fig. 4.6), it can be seen that there is substantial attenuation of the
redshift-dependent part of the GW amplitude due to viscosity. F(z) for viscous
cases is given by (Eq. 4.37). As compared to the non-viscous case (Eq. 4.38),
there are now additional terms. From (Eq. 4.12) and (Eq. 4.14), the scale factor
of the overdense region is given by,

ao =

(
t
t0

)α
=

( t
13.8

)α
(4.43)

where t0 = 13.8 Gyr. For a given value of t (t < t0), as we increase α, ao decreases.
It can be seen in (Fig. 4.6), as we increase the value of α keeping β constant,
the redshift-dependent part of GW, F(z), for the viscous case, gets smaller in
magnitude. Physically, this can be explained from the fact that from (Eq. 2.9)
for an overdense region, ao can be defined as

ao(t) :=
(
Vo(t)
Vo0

)1/3

, (4.44)

where Vo0 is the volume of the overdense region at the present time, which we
have fixed for all values of (α, β) to be 0.09 by fraction of the total volume. As
ao decreases, the volume of the overdense domain decreases. Hence, the distance
traveled by the GW through the overdense region will be less, leading to less
attenuation suffered by the GW. GW, which travels the largest distance through
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the overdense region, will suffer the most attenuation. This distance traveled by
the GW is directly proportional to the scale factor of the overdense region. In
(Fig. 4.6), the green dashed curve has the largest value of α (hence the smallest
value of ao), corresponding to the largest amplitude among the viscous cases since
it has suffered the least attenuation. In contrast, the black dashed curve has the
smallest value of α (hence the largest value of ao), corresponding to the smallest
amplitude among the viscous cases since it has suffered the most attenuation.
The above feature is not observed for the non-viscous cases (solid curves) as the
overdense region is non-viscous; hence, there is no viscous attenuation.

4.5 Conclusions

In this chapter, we have studied the propagation of GWs from compact binary
sources through a viscous inhomogeneous Universe governed by a model based on
the averaging procedure for scalars in Buchert’s backreaction framework [25, 27].
Dynamics under this model lead to a modification of the redshift-versus-distance
relation from that for the ΛCDM model. The extent of variation depends on the
combination of the model parameters. In the present work, we have considered
viscosity to be present in the matter content within the overdense regions of
inhomogeneous spacetime described by our model, which causes the attenuation
of the GW amplitude when the GW passes through those regions of spacetime.
We have incorporated the viscous attenuation of GW amplitude within our model
of inhomogeneous spacetime and have derived an expression for the resultant
redshift-dependent part of the GW amplitude.

In the ΛCDM model, incorporating viscosity results in a GW attenuation
factor with DL in the exponent, where DL is the total luminosity distance traversed
by the GW. It is worth noting that in the real Universe, viscosity resulting from
dark matter interactions is not distributed uniformly through the entire path
of the GW but is concentrated only in some regions. Therefore, in our model,
we have used DLo (luminosity distance of the overdense region) instead of DL.
Using DL results in a more significant deviation between the attenuated and
unattenuated cases for the ΛCDM model, compared to using DLo for our model.
It has been argued earlier [113] that since bulk viscosity couples only to scalar
perturbations, it doesn’t play a role in the attenuation of GWs. However, as shown
here, bulk viscosity indirectly impacts the GW amplitude through its effect on the
luminosity distance. Moreover, the effect of shear viscosity on GW attenuation
is clearly demonstrated in the backreaction model due to inhomogeneities.

Our analysis demonstrates a substantial deviation in the redshift-dependent
part of the GW amplitude due to the inclusion of viscous attenuation, compared
to the case when viscosity is considered negligible or absent within the model of
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inhomogeneous spacetime. We have further shown that the rate of expansion of
the overdense region (characterized by the parameter α, which governs the time
evolution of the scale factor of the overdense region) plays a vital role in the
magnitude of attenuation. It may be emphasized that consideration of the effect
of viscosity on GW observables for compact binary sources is significant in the
context of local inhomogeneities in the Universe.

To summarize, we would again like to highlight the importance of considering
realistic background effects in the study of GW propagation, since using incor-
rect background dynamics for analyzing GW data from detectors could result in
incorrect inferences about GW sources. Towards this end, we have taken into
account these two aspects of inhomogeneities and attenuation of GW due to vis-
cosity together in our present work. Our analysis leads to several interesting
features in the red-shift dependent part of the gravitational wave amplitude. Ad-
ditionally, the role of bulk viscosity is a new feature that is also brought out in
the form of its indirect contribution towards GW attenuation through modifica-
tion of the background dynamics. Our analysis paves the way for obtaining more
precise estimations of GW observables and bounds on the viscosity parameters
of dark matter in future work involving more realistic backreaction models and
data-analysis techniques in GW astronomy.
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Chapter 5

Future deceleration due to
backreaction in a Universe with
multiple inhomogeneous domains

5.1 Introduction

The concordance model of cosmology, viz., the ΛCDM model, is based on the Cos-
mological Principle, which states that the Universe is homogeneous and isotropic
and interprets the Universe as an FLRW spacetime. Cosmological observations
like Sloan Digital Sky Survey (SDSS) [8] indicate that matter inhomogeneities
exist at the scales of super-clusters of galaxies. Studies analyzing large-scale fluc-
tuations in the luminous red galaxy samples [9] have found substantial (more
than three sigmas) divergence from the ΛCDM mock catalogues on samples as
large as 500h−1Mpc. Thus, though the Universe is homogeneous and isotropic at
extremely large length scales, the Cosmological Principle doesn’t hold at smaller
scales, and matter inhomogeneities may have significant consequences up to a
length scale of 500h−1Mpc.

We have used Buchert’s averaging procedure outlined in detail in (Sec. 2.1) in
order to study the effect of inhomogeneities on the Universe’s evolution.

Although the overall significance of cosmic backreaction on the overall evolu-
tion of the real Universe is still debated [31], it is at least possible, in principle,
for the backreaction to influence the evolution of the universe [39]. In this work,
we employ Buchert’s backreaction formalism to examine the fate of the currently
accelerating phase of the Universe in the presence of observed matter inhomo-
geneities at considerably large scales.

Observational evidence establishes the Universe’s current acceleration [147–
150]. However, the ΛCDM model is afflicted by certain observational discrep-
ancies, such as the Hubble tension [6, 7] which has attracted a lot of attention
recently. The Hubble tension arises from a discrepancy in the inferred value
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of the Hubble parameter from local measurements compared to that from early
Universe physics. It is possible for the backreaction-induced curvature to explain
the larger values of the Hubble parameter obtained locally [134]. The ΛCDM
Universe may end in a future big freeze, or even in a big rip [151–153] in the
presence of phantom dark energy (ωde < −1). It has been shown that the Buchert
formalism in dust universes predicts the dwindling of the present acceleration
[154], and the extrapolation of Buchert’s procedure in the context of a two-scale
void-wall toy model of the Universe leads to the possibility of avoiding the future
big freeze or a possible future big rip in a phantom dark energy model [44–46].

The motivation for the present study is to re-examine the late-time evolution
of the presently accelerating Universe by employing the Buchert backreaction
formalism in the context of a more realistic model mimicking our actual Uni-
verse with observed inhomogeneities extending up to considerably large scales.
In this work, we consider a multiple subregion model of the spacetime with each
subregion having a distinct set of parameters characterizing its evolution. We
apply the Buchert averaging procedure against the backdrop of such a model in
order to investigate the global evolution during the present era, extended to the
future. It is important to analyze the future evolution ensuing from such a study,
as a transition from present acceleration to deceleration in the near future may
have immediate consequences for our present Universe. We confront this scenario
against observational results by performing Markov Chain Monte Carlo analysis
using the Union2.1 supernova Ia data [155] to determine our model parameters’
best fit and optimum values.

This chapter is organized as follows. In (Sec. 5.2), we introduce our model
of inhomogeneities in multiple subregions. In (Sec. 5.3), we present our multi-
domain model’s theoretical analysis leading to the Universe’s predicted late-time
evolution. In (Sec. 5.4) we use the Union2.1 supernova Ia data to constrain our
model parameters. We summarize our main results in (Sec. 5.5).

5.2 Our multiple subregions model

Several recent analyses have been carried out within the Buchert formalism with
one under-dense and one over-dense subdomain [36, 42, 44–47]. The assumption
of just two different density domains represents an oversimplification in the con-
text of the real Universe, as the actual density profile varies across a spectrum
from regions of very low density to those of high density. Hence, to construct
a more realistic cosmological model, one needs to consider a larger number of
sub-domains with distinct evolution profiles. Since some earlier studies based on
two-domain models have predicted a future deceleration of the universe [44–46], it
is interesting to study the future evolution of the universe in the context of a more
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realistic model having a large number of subdomains with distinct parameters.
In the context of the backreaction framework employed in this work, we con-

sider a model of the Universe in which the domain D of interest comprises multiple
subregions. The multiple subregions in our model can be categorized into two
types of regions - (i) overdense regions which are closed dust-only FLRW regions
with positive curvature and a deceleration parameter qo = −äo/aoH2

o > 0.5, and
(ii) underdense regions which are flat (zero intrinsic curvature) FLRW regions
and having smaller density (as compared to the overdense regions). So, there are
in total n subregions in our model, i of them are overdense and (n − i) of them
are underdense.

The scale factor and time of the ith overdense region evolve with development
angle ϕ of the overdense region as [46, 136],

aoi =
qoi

2qoi − 1
(1 − cos ϕ), (5.1)

ti =
qoi

2qoi − 1
(ϕ − sin ϕ) , (5.2)

where qoi is the deceleration parameter of the ith overdense region. The scale
factor of the ith under-dense region is taken to evolve as a function of time t given
by

aui = cuit
βi (5.3)

In the above expression, cui and βi are constant, which determines the time
evolution of the ith under-dense subregion. βi varies from 2/3 to 1 to denote any
behaviour ranging from a matter-dominated region (βi = 2/3) up to an acceler-
ating region (βi > 1).

Now, applying (Eq. 5.1 - Eq. 5.3) in (Eq. 2.24), the expression of the global
acceleration takes the form

äD
aD

=

∑
i

−λoiqoi H
2
oi

 +
∑

j

λu j

β(β − 1)
t2


+

∑
k

∑
l

λkλl (Hl − Hk)2

 . (5.4)

Here λoi is the volume fraction of the ith overdense region, λu j is the volume
fraction of the jth overdense region, Hoi is the Hubble parameter of the ith overdense
region, λ is the set of all λoi and λui and H is the set of all Hoi and Hui . The total
volume fraction of all the under-dense regions, i.e. ∑

i λui is given by λu. Similarly,
λo is the total volume fraction of all the over-dense regions. Clearly, λo + λu = 1.
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The volume fraction of the ith under-dense subregion can be written as,

λui =
Vui

VD
=

a3
ui

Vui,0

a3
DVD,0

= λui,0
a3

ui

a3
D

= λui,0
c3

ui
t3βi

a3
D
= λui,0

(
t
t0

)3βi
(
aD,0
aD

)3

, (5.5)

where t0 is a reference time generally taken to be present time, Vui,0 is the
volume of the ith under-dense subregion at the present time, λui,0 is the volume
fraction of the ith under-dense subregion at the present time, VD,0 is the present
time value of the volume and aD,0 is the present time value of the scale factor of
the domain D of interest. The present time value of (λo, λu) is given by (λo,0, λu,0)
which may be taken to be (0.09, 0.91) [27]. In the present analysis, we assume
the distribution of λui,0 across the i underdense subregions to follow a Gaussian
profile within the allowed range of βi, given by

λui,0 =
Nu

σu
√

2π
e−(βi−µu)2/2σ2

u , (5.6)

where Nu is a normalization constant, such that, λu,0 which is the total volume
fraction at the present time of all the under-dense regions summed over, ∑

i λui,0 =

0.91, µu is the mean value of βi and σu is the standard deviation of βi. The present
time volume fractions of the over-dense regions are considered to follow Gaussian
distributions within the allowed range of qo, given by

λoi,0 =
No

σo
√

2π
e−(qoi−µo)2/2σ2

o . (5.7)

where No is a normalization constant, such that, λo,0 which is the total volume
fraction at the present time of all the over-dense regions summed over, ∑

i λoi,0 =

0.09, µo is the mean value of qoi and σo is the standard deviation of qoi . As
mentioned earlier, qoi ranges from 0.51 to 1. λoi which is the volume fraction of
the ith over-dense subregion at a time t is related to λoi,0 by the relation

λoi = λoi,0

(
1 −∑

i λui

1 −∑
i λui,0

)
, (5.8)

5.3 Late time evolution of the Universe

In our analysis, there are a total of n subregions. In (Eq. 5.7), for a given value
of µo and σo, qoi can take i number of values in the allowed range, where i is the
no. of overdense subregions. For each value of qoi , there is a corresponding value
of λoi,0, such that ∑

i λoi,0 = 0.09, and (Eq. 5.8) gives us λoi for each ith overdense
subregion. (Eq. 5.1) and (Eq. 5.2) give us the scale factor aoi and time t for each
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ith overdense subregion, corresponding to the value of qoi , and from these, Hoi can
be calculated. Similarly, in the case of underdense subregions, in (Eq. 5.6), for
a given value of µu and σu, βi can take i number of values in the allowed range,
where i is the no. of underdense subregions. For each value of βi, there is a
corresponding value of λui,0, such that ∑

i λui,0 = 0.91. Once we have λui,0, we can
use (Eq. 5.5) to get λui . For each ith underdense subregion, (Eq. 5.3) gives us the
value of scale factor aui for the corresponding value of βi, and from this, Hui can
be calculated. We can then use (Eq. 2.24) to calculate the scale factor aD (as a
function of time) of the domain of interest D and from it the Hubble parameter
HD of D.

For our multiple subregions model, (Eq. 2.22) effectively becomes,

QD =
∑

i

Qoi +
∑

j

Qu j + 3
∑
l,m

λlλm(Hl − Hm)2 , (5.9)

where λ is the set of all λoi and λui and H is the set of all Hoi and Hui . Since
(Eq. 2.16) couples the time evolution of the backreaction term QD with the time
evolution of the averaged 3-Ricci scalar curvature, it is also applicable for our
subregions. Thus, the time evolution of Qoi and Qu j is coupled to the evolution of
the averaged 3-Ricci scalar curvature of the respective subregions. However, one
can choose the curvatures of the individual sub-regions in such a way that the Qoi

and Qu j terms for these sub-regions become effectively zero [27, 156]. This is done
by taking the curvature of our underdense region to be zero, i.e., our underdense
region is flat. On the other hand, we have assumed our overdense region to have
a Friedmann-like a−2

u constant curvature term. These assumptions along with
(Eq. 2.16) results in, Qoi = 0 and Qu j = 0. The stipulation to FLRW is an
approximate assumption governing our present model (in the more general case,
the sub-domains may not necessarily be FLRW regions). As seen from (Eq. 5.9),
the global backreaction is the sum of three terms. In our approach, we have
assumed the underdense region to have zero curvature, and the overdense region
to have constant curvature, thereby making the first two terms in (Eq. 5.9) vanish.
Hence, in this case, the global backreaction is governed by only the interplay of
the sub-domain Hubble evolutions and volume fractions (third term of (Eq. 5.9).
On the other hand, if the sub-domains are endowed with dynamical curvature,
there could be other intricate effects arising through backreaction.

In our calculations, we consider one hundred under-dense and one hundred
over-dense sub-domains. These sub-domains are characterized by the respective
volume fractions, λoi and λui , distributed using a Gaussian profile among these
sub-domains (Eq. 5.6 and Eq. 5.7). µo and σo are the mean and standard devi-
ation, respectively, for the Gaussian profile of overdense regions. In a Gaussian
distribution, the mean is also the most frequent observation. Therefore, this
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Figure 5.1: Evolution of (a) the global scale factor aD, (b) the global acceleration parameter
¨aD

aDH2
D
, for different sets of model parameters namely, µo, σo, µu and σo.

means that out of the 100 overdense sub-domains, µo is the most frequent value
of qoi . σo is the distribution’s standard deviation, which governs the distribution’s
width about the mean value. Similarly, µu and σu are the mean and standard
deviation for the underdense regions’ Gaussian profile. Our underdense regions
are characterized by parameters βi, and these vary from 2/3 < βi < 1. This range
for βi has been taken to ensure a wide range of underdense subregions is present
in our model to mimic a variety of underdense regions that may be present in the
Universe. µu is the most frequent value of βi among the 100 underdense regions.
Here, σu governs the width of the distribution about a given µu.

In (Fig. 5.1)(a) and (Fig. 5.1)(b), the scale factor aD and the acceleration of
the Universe ¨aD

aDH2
D

are plotted respectively, for different sets of model parameters
viz., µo, σo, µu and σo. (Fig. 5.1)(a) is plotted by fixing the present value (i.e.,
value at t = t0) of the scale factor aD to be 1. (Fig. 5.1)(b) is plotted using the
present value (i.e., value at t = t0) of global acceleration parameter ¨aD

aDH2
D

to be 0.55
which is obtained using the values of cosmological parameters from Planck 2018
results [157]. From (Fig. 5.1)(b) it can be seen that the acceleration parameter
begins to fall off beyond the present era (t = t0), and the Universe transits to a
decelerating phase ( ¨aD

aDH2
D
< 0) at a subsequent time. This result is in agreement

with observations made in [154], where, in the context of a dust Universe, it was
shown that accelerated expansion from backreaction cannot go on forever. It
may be note,d however, that the main focus of the work [154] is to understand
whether backreaction could provide a viable means of the current acceleration of
the Universe. On the other hand, the focus of our present work is to understand
how the Universe evolves in the future, given that it is currently accelerating.

From our results, it can be seen that for higher values of the model parameters,
namely, µo, σo, µu or σo, the acceleration parameter ¨aD

aDH2
D

falls more rapidly with
time in comparison to lower values of parameters. Such behaviour is observed
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Figure 5.2: Variation of the evolution of global acceleration ¨aD
aDH2

D
for different values of n with

µo = 0.6 (solid lines) and µo = 0.8 (dashed lines). The other parameters are kept fixed at
µu = 0.67, σu = 0.1 and σo = 0.01

since the most frequent value of βi and qoi in the respective distribution increases
for higher values of µ (µu and µo). Therefore, there are now more underdense
and overdense subdomains in the distribution with these higher values of βi and
qoi , respectively. Further, increasing the values of σ (σu and σo) results in the
distribution of underdense and overdense sub-regions becoming wider around the
mean values µu and µo respectively (see Eq. 5.6 and Eq. 5.7). As a consequence,
the effect of subregions having higher values of β (for underdense regions) and qo

(for overdense regions) become prominent in the global dynamic of the Universe,
which leads to rapid fall of the acceleration parameter ¨aD

aDH2
D

. Note further that
higher values of β produce a larger acceleration in the early evolution (compare
the green dashed line and the red solid line of (Fig. 5.1)). The green dashed line
has a larger value of µu and hence, the most frequent value of βi in the distribution
is larger. However, the future acceleration falls off more rapidly due to such higher
values of β.

In (Fig. 5.2), the evolution of the acceleration parameter
(
i.e. ¨aD

aDH2
D

)
is plotted

for different values of n with µo = 0.6 (solid lines) and µo = 0.8 (dashed lines).
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(a) (b)

Figure 5.3: Variation of the time averaged (a) scale factor 〈
aDn

〉 and (b) acceleration parameter〈−qDn

〉 with n for different values of µu and µo, where the other two parameters are kept fixed
at σu = 0.1 and σo = 0.01.

Here, other parameters are kept fixed at µu = 0.67, σu = 0.1, and σo = 0.01. From
this figure, it can be observed that the future acceleration falls off more rapidly
with the increasing number of sub-regions. However, if one raises the number of
sub-domains further, the evolution of the acceleration parameter tends toward a
limiting profile depicted here for the case of n = 500.

For a deeper investigation into the variation of the global evolution versus the
number of sub-domains, we introduce two parameters defined as,

〈
aDn

〉
=

1∑
i

∑
i

∣∣∣∣∣ aD|500 − aD|n
aD|500

∣∣∣∣∣
t=ti

, (5.10)

〈−qDn

〉
=

1∑
i

∑
i

∣∣∣∣∣∣
 äD

aDH2
D

∣∣∣∣∣∣
500

− äD
aDH2

D

∣∣∣∣∣∣
n

∣∣∣∣∣∣
t=ti

. (5.11)

The terms 〈
aDn

〉 and 〈−qDn

〉 denote the time-averaged variation of aDn and
¨aD

aDH2
D

∣∣∣∣
n

respectively, from the limiting case of n = 500. In this analysis, we split
the entire time range (i.e. 0 ≤ t/t0 ≤ 6) into 1000 bins. In (Eq. 5.10) and
(Eq. 5.11), i is the index number of such bins. The variation of 〈

aDn

〉 and 〈−qDn

〉
with n are plotted in (Fig. 5.3)(a) and (Fig. 5.3)(b) respectively. In these two
figures, the plots are for different chosen sets of µo and µu, while the other two
parameters are kept at σu = 0.1 and σo = 0.01. It is clearly seen that for n ≥ 100,
the average fluctuation is less than ∼ 0.01. For higher values of µu, the fluctuations
reduce further for even smaller values of n. In view of the above results, we chose
n = 100 for our remaining calculations.

In the present analysis, we essentially look into the late-time dynamics of the
Universe. As in (Fig. 5.1)(b) and (Fig. 5.2), one can see that, although the
Universe is expanding at the current epoch, the rate of acceleration

(
¨aD

aDH2
D

)
will
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Figure 5.4: Variation of tdec with (a) µu for different chosen values of µo, σo and σu, (b) σu for
different chosen values of µo, σo and µu, (c) µo for different chosen values of µu, σu and σo, (d)
σo for different chosen values of µu, σu and µo.
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start falling in the future, and after a certain time (tdec), the quantity ¨aD
aDH2

D
exhibits

negative values, depicting the deceleration of the Universe. The value of tdec

varies with all four model parameters i.e. µu, σu, µo and σo. In (Fig. 5.4)(a), the
variation of tdec with µu is graphically represented for various sets of the other three
parameters (i.e. σu, µo, and σo). Similar variations with σu, µo and σo are shown
in (Fig. 5.4)(b), (Fig. 5.4)(c) and (Fig. 5.4)(d) respectively. From these figures, it
can be seen that, with an increase in the model parameters, we get lower values
of tdec. An increase in µo or µu, results in the increase of the most frequent value of
qoi or βi in the distribution of overdense or underdense subdomains, respectively.
Hence, higher values of µo result in overdense subdomains with higher values of
qoi becoming more prominent which leads to the acceleration parameter falling
faster (refer to the discussion for Fig. 5.1) and hence, results in lower values of tdec.
Similarly, higher values of µu result in underdense subdomains with higher values
of βi becoming more prominent, leading to lower values of tdec. Higher values of
σo for a given µo result in the distribution of subdomains becoming wider around
the mean value of µo. Therefore, there are now more subdomains with a larger
value of qoi in the distribution, resulting in lower values of tdec. Similarly, higher
values of σu for a given µu result in more subdomains with a larger value of βi in
the distribution, resulting in lower values of tdec. In (Fig. 5.4)(a) and (Fig. 5.4)(b),
one can see that for higher values of µu in the presence of higher σu, the values
of tdec is less than t0, which contradicts with observational evidence. Hence, such
values are ruled out of the permissible range (grey shaded region).

In (Fig. 5.5), the variation of tdec in µu−σu plane is shown for different sets of µo

and σo. The values of tdec are described using different colors, as mentioned in the
color bar furnished at the bottom of (Fig. 5.5). Here, the white regions denote the
area where tdec ≤ t0 is beyond the permissible range. From (Fig. 5.5) one can see
that, the value of tdec falls sharply with respect to the point (µu, σo) = (0.67, 0.01)
in the scaled axes (µu ∈ [0.67, 1.00], σu ∈ [0.01, 0.25]). The plot of (Fig. 5.5)(a)
represents the case of µo = 0.6, σo = 0.01, where the maximum possible value of
tdec ≈ 7.5t0 is obtained at µu = 0.67, σo = 0.01. But it decreases remarkably at a
higher value of σo (σo = 0.05) (comparing parts (a) and (b) of the figure). tdec also
decreases on increasing the value of µo as can be seen by comparing parts (a) and
(c) of the figure, where µo has increased from 0.6 to 0.8. This is in accordance with
our previous analysis of (Fig. 5.4) and the related discussion showing that tdec/t0

has lower values for higher values of µo and µu. (Fig. 5.5)(c) and (Fig. 5.5)(d) are
the same to the plots of (Fig. 5.5)(a) and (Fig. 5.5)(b) respectively, where the
parameter µu is set at 0.8. Comparing those plots, it can be seen that, at higher
values of µo, the variation of tdec is comparatively small and tdec/t0 is very close to
unity (tdec ⪅ 3t0 for µo = 0.8). It can also be seen from parts (c) and (d) of the
figure that the variation of tdec is also negligible on increasing the value of σo for
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(a) (b)

(c) (d)

Figure 5.5: Contour representation of tdec in σu−µu plane at (a) µo = 0.6, σo = 0.01 (b) µo = 0.6,
σo = 0.05, (c) µo = 0.8, σo = 0.01, (d) µo = 0.8, σo = 0.05.
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such higher values of µo.
A similar analysis is performed in the σo − µo plane. In (Fig. 5.6)(a), the

contour representation shown the variation of tdec for the case of µu = 0.7 and
σu = 0.1. (Fig. 5.6)(b) is plotted for µu = 0.7 and σu = 0.2. (Fig. 5.6)(c) and
(Fig. 5.6)(d) are the same to the plots (Fig. 5.6)(a) and (Fig. 5.6)(b) respectively,
but for µu = 0.8. Larger values of tdec/t0 are obtained in part (a) of the figure for
lower values of µo and σo. As the values of µo and σo are increased, the value
of tdec/t0 decreases. From parts (a) and (c), one can notice that for higher values
of µu, the value of tdec/t0 decreases if the values of (µo, σo) are kept fixed. The
variation of tdec becomes insignificant for higher values of the parameters. Parts
(b) and (d) show that at higher values of σu, the variation in the σo − µo plane
almost vanishes. These results are in accordance with the analysis and discussion
relating to (Fig. 5.4).

5.4 Observational constraints

In (Fig. 5.1 - Fig. 5.6), we have utilized our model to examine the future evolution
of an inhomogeneous multi-domain-ed spacetime, and analyzed the variation of
various cosmological quantities with respect to our model parameters. Now, we
examine our model with respect to observational data and determine the opti-
mum values of our model parameters. We carry out a Bayesian analysis in order
to compare our model with Union2.1 supernova Ia data [155]. We use the dis-
tance modulus versus redshift data from Union2.1. In order to compare our model
with the observational data, we need a scheme to relate the theoretically calcu-
lated quantities from our model to observational quantities. For this purpose, we
employ the covariant scheme explained in detail in (Sec. 2.2).

In this analysis, the resulting posterior distributions of different parameters are
obtained by the Markov Chain Monte Carlo (MCMC) iteration method (Fig. 5.7)
by using the MCMCSTAT package [91, 92]. We use total 105 number of events with
the adaptation interval of 300, within the parameter range: µu ∈ [0.67, 1.00],
log10 σu ∈ [−0.60,−0.15], µo ∈ [0.51, 1.00] and log10 σo ∈ [−3.00,−0.30]. Initially,
the same analysis was carried out with a wider range of log10 σu and log10 σo, but
later those ranges were redefined in order to skip the extremely lower posterior
regions.

In (Fig. 5.7), the parameters σu and σo are shown in log-scale while the other
two parameters µu and µo are shown in linear-scale. The topmost plots of the first,
second, third and fourth column of (Fig. 5.7) represent the posterior distribution
for the parameters µu, log10 σu, µo and log10 σo respectively, while the other plots
of (Fig. 5.7) show the contour representation of the posterior distribution in dif-
ferent sets of two-parameter space. In these contour plots, the regions with darker
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(a) (b)

(c) (d)

Figure 5.6: Contour representation of tdec in σo −µo plane at (a) µu = 0.7, σu = 0.1 (b) µu = 0.7,
σu = 0.2, (c) µu = 0.8, σu = 0.1, (d) µu = 0.8, σu = 0.2.
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Figure 5.7: Corner plot showing the MCMC result for our model carried out using the obser-
vational results of Union 2.1 supernova Ia data [155]. The histograms on the diagonal show the
marginalized posterior densities for each parameter.
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colors denote higher posterior regions, and the lines indicate the boundaries of
1σ, 2σ, and 3σ regions, respectively. The posterior plots essentially describe the
epistemic uncertainties of the corresponding model parameters. The diagonal
panels show the 1-D histogram of the posterior distribution for each model pa-
rameter obtained by marginalizing the other parameters. The off-diagonal panels
show 2-D projections of the posterior probability distributions for each pair of
parameters and correlations between the parameters, with contours.

From this analysis the obtained set of optimum points are µu = 0.85+0.10
−0.12,

log10 σu = −0.36+0.06
−0.07, µo = 0.75+0.16

−0.16 and log10 σo = −1.63+0.90
−0.94 respectively. How-

ever, from the posterior plot for log10 σu (in Fig. 5.7), one can notice that the high-
est probable value (or best-fit value) of log10 σu is slightly higher (i.e. log10 σu =

−0.33) than the corresponding optimum point. On the other hand, the best-
fit point for µu lies on its highest posterior value (i.e. µu = 1.00). From the
histograms of (Fig. 5.7), it is evident that variation of the parameters of the
overdense regions (µo and σo) do not play a very significant role as histograms
depicting the marginalized posterior distributions for these two parameters do
not show any specific significant trend. Similarly, in the off-diagonal panels of
these two parameters, there is no specific trend, while the off-diagonal panels of
other pairs show some specific trend. For example, the µu − log10σo and µu − µo

panels show a specific trend towards higher values of µu (darker regions are to-
wards higher values of µu and this trend is also indicated by the histogram for µu).
These indicate that the modification of the volume fractions distribution of the
overdense regions by modifying the mean and standard deviation of the distribu-
tion (Eq. 5.7) doesn’t have much effect on the future evolution of the Universe,
as the fraction of overdense region at the present era is taken to be ∼ 9% [27].

5.5 Conclusions

In this work, we have considered a multi-domain model of spacetime with an inho-
mogeneous matter distribution. The multiple subregions in our model are broadly
categorized into two types - overdense and underdense, with all such subregions
having distinct evolution parameters. In the context of the Buchert formalism,
we have computed the averaged backreaction of the matter inhomogeneities on
the late-time global evolution of the Universe.

Our results clearly indicate that the global acceleration falls with time beyond
the present epoch for a significant range of values of our model parameters. Such
a feature was predicted earlier for dust Universe models [154], and also observed
in the context of simplified two-scale models [44–46], is further corroborated here
through the analysis of a more realistic model. We have shown here that after a
particular time (tdec), the value of the global acceleration parameter can become
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negative, signifying the transition of the presently accelerating Universe to a phase
of future deceleration.

Through our analysis, we have optimized our model for the maximum number
of subregions to be considered for a reliable result for future global evolution.
The dependence of the deceleration time (tdec) on the various model parameters
has been analyzed systematically. The variation of (tdec) shows that the model
parameters associated with the underdense subregions have more impact on the
transition time for future deceleration. We have further correlated our model
with observation data. We have obtained the marginalized posterior densities for
each model parameter through Markov Chain Monte Carlo (MCMC) simulations
using the Union2.1 supernova Ia data.

We conclude by noting that though the present era Universe is accelerating
[147–150], such behaviour could indeed be transitory. Observations have shown
that the present Universe has an inhomogeneous matter distribution at consid-
erably large scales [8, 9]. It seems inevitable that an impact of backreaction of
matter inhomogeneities on the global metric to plausibly avoid the future big
chill in the ΛCDM model or a possible future big rip problem in the presence of
phantom dark energy. Our present results motivate further investigations in the
context of various backreaction schemes and upcoming probes with more accurate
observations to critically examine our conjecture of the future deceleration of the
Universe.
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Chapter 6

Analyzing the 21-cm signal
brightness temperature in the
Universe with inhomogeneities

6.1 Introduction

21 cm cosmology has been an essential tool in studying the physics of the cos-
mic dark age for quite some time now [158–160]. It is a unique probe of the
re-ionization epoch of the Universe [161, 162]. 21-cm is the wavelength cor-
responding to the energy shift due to hyperfine splitting in the ground state of
neutral Hydrogen, the most abundant element in the Universe. It occupies ∼ 75%
of the entire baryonic allocation of the Universe. The transition between hydro-
gen atoms’ electronic spin states (s = 0, 1) generates the 21-cm (∼ 1.42 GHz)
hyperfine spectrum.

The brightness temperature T21 associated with this spectrum is a function
of Ts − Tγ where Tγ is the cosmic microwave background temperature given by
Tγ = 2.725(1 + z)K and Ts is the spin temperature [158–160]. Recently, the
“Experiment to Detect the Global Epoch of Re-ionization Signature” (EDGES)
[163] generated quite a bit of excitement in the field with its reported T21 in the
redshift range 14 < z < 20 to be −500+200

−500 mK. However, the subsequent SARAS
experiment [164] failed to detect the EDGES 21 cm signal [165].

The ΛCDM model of standard cosmology estimates a brightness temperature
of about ≈ −200 mK without any additional thermal contribution. To account
for any additional cooling, various phenomenological effects in the early Universe
have been employed [166–171], including exotic models of dark matter [168, 170,
172] and dark energy [128]. The 21-cm signal provides an avenue towards dis-
cerning several physical phenomena of this epoch, such as evaporating primordial
black holes (PBHs) [166, 169, 171, 173], baryon-dark matter scattering [168, 170,
172], and neutrino physics [174].
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Although the ΛCDM model has been highly successful in establishing the
basic tenets of standard cosmology, it has been confronted with certain discordant
observations in recent times, notably among them the so-called Hubble tension
[6, 7]. As highlighted in (Chap. 1), recent observations have revealed prominent
matter distribution inhomogeneities up to scales as large as 500 h−1 Mpc [9].

Such observed deviations in LSS from the assumed smooth homogeneous ΛCDM
paradigm may necessitate the inclusion of the impact of inhomogeneities in the
analyses of cosmological phenomena. In this analysis, we have used Buchert’s
averaging procedure mentioned in detail in (Chap. 2) to incorporate the effect of
matter distribution inhomogeneities in our analysis.

Specifically, in the present analysis, we employ a model of spacetime with
a spectrum of matter distribution inhomogeneities in multiple domains, which
can imitate our actual Universe more realistically compared to earlier analyses
of cosmological dynamics under backreaction, which have primarily relied on toy
two-domain models [35, 44–47]. We aim to theoretically analyze the 21-cm signal
in the context of modified Hubble dynamics due to the effect of backreaction
from matter distribution inhomogeneities evaluated using the Buchert formalism.
We constrain our model parameters by performing Markov Chain Monte Carlo
analysis using the Union2.1 supernova Ia data to determine the model parameters’
best fit and optimum values. We compute the 21-cm brightness temperature,
which reveals a significant dip compared to the ΛCDM prediction in the redshift
range 14 < z < 20, without invoking any additional non-standard cosmological
effects or exotic physics.

This chapter is organized as follows. We briefly introduce the formalism for
evaluating the 21-cm signal brightness temperature in (Sec. 6.2). Our model of
multidomain inhomogeneities is presented, leading to modified Hubble dynamics
in (Sec. 6.3). We then present our analysis of the 21-cm signal in the context of our
multidomain model in (Sec. 6.4). In (Sec. 6.5), we use the Union2.1 supernova
Ia data to constrain our model parameters and compute the 21 cm brightness
temperature in the redshift range 14 < z < 20 using the best fit and optimum
values of our model parameters. Finally, we summarize our results in (Sec. 6.6).

6.2 21-cm brightness temperature

The 21-cm absorption line of the hydrogen atom is generated by the transition of
an electron between the two hyperfine spin states (spin 0 and spin 1). This 21-
cm line has a characteristic temperature associated with it called the brightness
temperature, T21, which represents the intensity of the 21-cm line as a function
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of the cosmological redshift z. The expression for T21 is given by [167, 175],

T21 =
Ts − Tγ

1 + z
(1 − e−τ(z)), (6.1)

where Ts is the 21-cm spin temperature at redshift z, Tγ is the cosmic microwave
background (CMB) temperature (Tγ = 2.725(1+z)K) and τ(z) is the optical depth
of the inter-galactic medium (IGM). τ(z) is given by [175],

τ(z) =
3

32π
T∗
Ts

nHIλ
3
21

A10

H(z) + (1 + z)δrvr
(6.2)

where T∗ = hc/(kBλ21) = 0.068 K, A10 = 2.85 × 10−15s−1 is the Einstein coefficient
[176], λ21 ≈ 21 cm, nHI is the local neutral hydrogen density, H(z) is the Hubble
parameter and δrvr is the radial gradient of the peculiar velocity. The above
equations are derived from the principles of atomic physics and radiative transfer.
The expression for optical depth has a term for the gradient of the proper velocity
along the line of sight, and this term includes both the Hubble expansion and the
peculiar velocity, as can be seen in (Eq. 6.2) [158]. This is how H(z), the Hubble
parameter, which measures the Universe’s rate of expansion, enters the analysis.
Since H(z) itself depends on the model of cosmology, the values of the quantities
of interest turn out to be different for different models of cosmology.

The spin temperature Ts is related to the ratio of the number density of hy-
drogen atoms in excited and ground states and is given by [175],

n1

n0
= 3e−T∗/Ts (6.3)

where n1 and n0 are the number densities of hydrogen atoms in excited and ground
states, respectively. In equilibrium, Ts is given by [169, 177],

Ts =
Tγ + ycTb + yLyαTLyα

1 + yc + yLyα
(6.4)

where yc is the collisional coupling parameter, Tb is the baryon temperature, yLyα

represents the Wouthuysen-Field effect [178, 179] and TLyα is the Lyman-α (Lyα)
background temperature. The coefficients yc and yLyα are given by yc =

C10T∗
A10Tb

and yLyα =
P10T∗

A10TLyα
[180]. Here, C10 is the collisional de-excitation rate of the

triplet hyperfine level, P10 ≈ 1.3×10−12S αJ−21s−1 is the indirect de-excitation rate
due to Ly-α absorption, S α is a factor of order unity that incorporates spectral
distortions [181] and J−21 is the Lyman-α background intensity written in units
of 10−21 erg cm−2 s−1 Hz−1 sr−1, and can be estimated by the procedure mentioned
in [169, 182].

The baryon temperature Tb can be obtained from the standard evolution equa-
tions of Tb and xe, the ionization fraction. The ionization fraction xe is given by
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xe = ne/nH, where ne and nH are the number densities of free electron and Hydro-
gen, respectively, is an important quantity in estimating thermal evolution. Here,
we will not consider exotic physics or non-standard processes like dark matter de-
cay. We just consider standard evolution equations. These equations governing
thermal evolution are given by [169, 183, 184],

(1 + z)
dTb

dz
= 2Tb +

Γc

H(z)
(Tb − Tγ), (6.5)

(1 + z)
dxe

dz
=

CP

H(z)

(
nHαBx2

e − 4(1 − xe)βBe−
3E0

4kBTγ

)
, (6.6)

where Γc

(
Γc =

8σT arT 4
γ xe

3(1+ fHe+xe)mec

)
describes the Compton interaction rate (σT is the

Thomson scattering cross-section, ar is the radiation constant, fHe is the fractional
abundance of Helium, me is the mass of an electron), CP is the Peebles C factor
[183, 185], E0 = 13.6 eV, kB is the Boltzmann constant and αB and βB are the
recombination and ionization coefficients, respectively. The Peebles C factor is
given by [183],

CP =

3
4RLyα +

1
4Λ2s1s

βB +
3
4RLyα +

1
4Λ2s1s

(6.7)

where RLyα represents the rate of escape of Ly α photons,
RLyα = 8πH/

(
3nH(1 − xe)λ3

Lyα

)
, nH is the total number density of Hydrogen and

Λ2s,1s ≈ 8.22s−1 [183]. αB and βB can be calculated using the procedure mentioned
in [166, 167]. Similar to the case of (Eq. 6.1) and (Eq. 6.2), the cosmological
dependence of the equations (Eq. 6.5 and Eq. 6.6) are enshrined in H(z), the
Hubble parameter.

6.3 A model of multiple subregions

Several studies have been performed within the Buchert averaging scheme using
models having just one type of overdense subdomain and one type of underdense
subdomain [36, 42, 44–47]. This oversimplifies the actual spacetime scenario with
matter inhomogeneities, where the matter density may vary from very low to very
high across different subdomains. Therefore, a more realistic model would have
multiple overdense and underdense subregions with distinct evolution profiles. A
similar model has been used in [53] to study the future evolution of the currently
accelerating Universe with multiple inhomogeneous domains.

Here, using Buchert’s backreaction framework, we consider a model of the
Universe in which domain D comprises multiple underdense and overdense sub-
regions, viz., there are i number of overdense subregions and i number of under-
dense subregions. The underdense subregions have densities smaller than those of
the overdense subregions. Our underdense subregions are modelled to mimic al-
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most empty FLRW regions with very little matter (dust) present. The overdense
subregions are modeled to mimic FLRW models with matter (dust) content. The
underdense subregions are taken to have Friedmann-like 1/a2 negative curvature,
while the overdense subregions have Friedmann-like 1/a2 positive curvature. The
time evolution of the scale factor of ith overdense subregions, aoi is given in terms
of a development angle ϕoi of the ith overdense subregion [136],

aoi =
qoi,0

2qoi,0 − 1
(1 − cos ϕoi) (6.8)

t = t0
(ϕoi − sin ϕoi)

(ϕoi,0 − sin ϕoi,0)
(6.9)

where qoi,0 and ϕoi,0 are respectively the deceleration parameter of the ith over-
dense subregion and the value of ϕoi at time t0, which is the present time. qoi,0

should be greater than 1/2 [136]. Here, we have taken qoi,0 to have a range of
values from 1/2 to 1. The time t in (Eq. 6.9) [35, 54] is the cosmic time, although
for each overdense subregion, this t is parameterized in terms of (ϕoi,0 , ϕoi) (ϕoi,0

itself is a function of qoi,0). The value of t0 is the same across all overdense sub-
regions as well as for the global domain which is ensured by the specific form of
(Eq. 6.9). The time evolution of the scale factor of ith underdense subregions, aui

is given in terms of a development angle ϕui of the ith underdense subregion [136],

aui =
qui,0

1 − 2qui,0

(cosh ϕui − 1) (6.10)

t = t0
(sinh ϕui − ϕui)

(sinh ϕui,0 − ϕui,0)
(6.11)

where qui,0 and ϕui,0 are respectively the deceleration parameter of the ith un-
derdense subregion and the value of ϕui at time t0, which is the present time. qui,0

has a range of values from 0 to 1/2 [136]. The time t in (Eq. 6.11) is the cosmic
time, although for each underdense subregion, this t is parameterized in terms of
(ϕui,0 , ϕui) (ϕui,0 itself is a function of qui,0). The value of t0 is the same across all
underdense and overdense subregions as well as for the global domain, which is
ensured by the specific form of (Eq. 6.11) and (Eq. 6.9). Since the values of t0

and HD0 are interrelated, one needs to fix either of them [54]. In our subsequent
analysis, we choose HD0 to be 70 km s−1Mpc−1. The value of t0 is calculated using
the procedure used in [54], modified for our model (see Appendix B).

Note that aoi and aui can be expressed in terms of the volume of the respective
subregions using (Eq. 2.9), which gives us
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aoi(t) :=
( |D|oi

|D0|oi

)1/3

; aui(t) :=
( |D|ui

|D0|ui

)1/3

(6.12)

where, |D|oi is the volume of the ith overdense subregions at time t, |D0|oi is
the volume of the ith overdense subregion at time t0 as was done in (Eq. 2.9),
and similarly for the case of the underdense subregions. (Eq. 2.9) and (Eq. 6.12)
require that at t = t0, aD = aoi = aui = 1, leading to,

cos ϕoi,0 =

(
1

qoi,0

− 1
)

; cosh ϕui,0 =

(
1

qui,0

− 1
)

(6.13)

For a given value of qoi,0 and qoi,0 ; aoi(t) and aui(t) can be calculated using
(Eq. 6.8), (Eq. 6.9), (Eq. 6.10), (Eq. 6.11) and (Eq. 6.13). Then using (Eq. 2.23),
aD(t) can be obtained provided λl0 which is the set of all λui,0 and λoi,0, is known.

It may be noted that aD can also be obtained from solving the second-order
differential equation (Eq. 2.24). Using (Eq. 6.8) and (Eq. 6.10) in (Eq. 2.24), we
get,

äD
aD
=

∑
i

λoi

äoi

aoi

 +
∑

j

λu j

äui

aui


+

∑
k

∑
l

λkλl (Hl − Hk)2

 .
(6.14)

where, λoi is the volume fraction of the ith overdense subregion, λu j is the volume
fraction of the jth underdense subregion, λ is the set of all λoi and λui and H is
respectively, the set of all Hoi and Hui . The combined volume fraction of all the
underdense subregions is given by λu, i.e., ∑

i λui = λu. Similarly, the total volume
fraction of all the overdense subregions is given by ∑

i λoi = λo. Clearly, λo+λu = 1.
The evaluation of aD obtained from these two methods is identical, as confirmed
through our analysis.

The volume fraction of the ith overdense subregion can be written as,

λoi =
|Foi |g
|D|g

=
a3

oi
|Foi,0|g

a3
D|D0|g

= λoi,0
a3

oi

a3
D

(6.15)

where t0 is a reference time which can be taken as the present time, |Foi |g is the
volume of the ith overdense subregion, |Foi,0|g is the volume of the ith overdense
subregion at time t0, |D0|g is the volume of the domain D at time t0 and λoi,0 is
the volume fraction of the ith overdense subregion at time t0. The present time
(t0) value of (λo, λu) is given by (λo,0, λu,0) which we have taken to be (0.09,0.91)
[27].

In our model, we consider the present time volume fraction of ith underdense
subregion, λui,0 to have a Gaussian distribution within the allowed range of qui,0
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from 0 to 1/2, given by,

λui,0 =
Nu

σu
√

2π
e−(qui,0−µu)2/2σ2

u , (6.16)

where Nu is a normalization constant which ensures that ∑
i λui,0 = λu,0 = 0.91,

µu is the mean value of qui,0 and σu is the standard deviation of qui,0 . Therefore,
each ith underdense subregion is associated with a particular value of qui,0 and λui,0

such that qui,0 varies from 0 to 1/2 in the i number of underdense subregions and∑
i λui,0 = 0.91.
The present-time volume fraction of ith overdense subregion, λoi,0 is considered

to have a Gaussian profile within the allowed range of qoi,0 from 1/2 to 1 given by,

λoi,0 =
No

σo
√

2π
e−(qoi,0−µo)2/2σ2

o , (6.17)

where No is a normalization constant which ensures that ∑
i λoi,0 = λu,0 = 0.09, µo

is the mean value of qoi,0 and σo is the standard deviation of qoi,0 . In this case, each
ith overdense subregion is associated with a particular value of qoi,0 and λoi,0, where
qoi,0 lies within the range 1/2 to 1 across the i number of overdense subregions
and ∑

i λoi,0 = 0.09. The volume fraction of the ith underdense subregion at a time
t, λui is related to the volume fraction at present time t0 by,

λui = λui,0

(
1 −∑

i λoi

1 −∑
i λoi,0

)
, (6.18)

We have used the Gaussian distribution to define the present time volume fraction
of various subregions. The actual physical distribution can only be known by
extensive galactic surveys of the matter distribution in the Universe. Although
some such surveys have been performed for the local Universe, for the redshifts
of our interest, no such surveys exist. Without such surveys, we assume a normal
distribution used in analysis where we do not expect any bias. The Gaussian
distribution is well-known and extensively used in diverse physical analyses to
model unbiased physical conditions. (Further details of our model are provided
in Appendix C).

Using (Eq. 2.22), the kinematical backreaction term for the domain D for our
model effectively becomes

QD =
∑

i

λoiQoi +
∑

j

λu jQu j + 3
∑
l,m

λlλm(Hl − Hm)2 , (6.19)

where Qoi is the kinematical backreaction term for the ith overdense subregion, Qui

is for the ith underdense subregion. The summation in the last term runs over the
sets of all λoi , λui , Hoi and Hui . (Eq. 2.16) couples the kinematical backreaction
term to the Ricci scalar, and our subregions are also governed by this coupling.
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Figure 6.1: Subplot (a) is the plot of HD(z)/HD,0 for our backreaction model for different values
of n, the number of underdense and overdense subregions. Here, HD,0 is the value of HD(z) at
z = 0. The values of our model parameters are chosen as follows: µu = 0.49, σu = 0.01, µo = 0.51
and σo = 0.01 for solid lines and µu = 0.15, σu = 0.01, µo = 0.51 and σo = 0.01 for dashed lines.
The ΛCDM model curve is shown with a black dashed line. Subplot (b) is the plot of 〈

HDn

〉
versus n, the total number of subregions of each type. We take σu = σo = 0.01 for all three
lines, while µu and µo are varied as mentioned in the legend.

Therefore, by selectively choosing the curvatures of our subregions, we can make
the respective kinematical backreaction terms for these subregions equal to zero
[17, 27]. Hence, in this case, the global kinematical backreaction is governed
by only the interplay of the sub-domain Hubble evolutions and volume fractions
(third term of (Eq. 6.19)). Note that the above assumptions are made in the
context of our present model. On the other hand, if the subdomains are endowed
with dynamical curvature, other intricate effects could arise through kinematical
backreaction, as may also happen in a more general case where the subregions
may not necessarily be FLRW.

Obtaining the values of λoi,0 and λui,0 from (Eq. 6.17) and (Eq. 6.16) respec-
tively, and using these in (Eq. 6.15) and (Eq. 6.18) gives us λoi and λui . Hub-
ble parameters for the subregions can be obtained from (Eq. 6.8, Eq. 6.9) and
(Eq. 6.10, Eq. 6.11). We can then use (Eq. 6.14) to get aD(t) and HD(t). We
next relate these quantities calculated theoretically from our model with obser-
vational quantities (redshift and angular diameter distance by using the covariant
scheme (Sec. 2.2)). Here, we use (Eq. 2.25) to obtain z(t) from aD(t). We can
thus evaluate HD(z) using HD(t) (from (Eq. 6.14)) and z(t) (from (Eq. 2.25)).

In (Fig. 6.1) (a), HD(z)/HD,0 has been plotted as a function of redshift z for
different values of n, the number of each type of subregion - overdense and un-
derdense. The total subregions is 2n, n overdense subregions, and n underdense
subregions. Here, HD,0 is the value of HD(z) at z = 0. Depending on the model
parameters, our backreaction model may be very close to a perturbed FRW or
mimic a single FRW at very early times. Considering a very high value of n does
not lead to a significant difference, as can be seen in our following analysis. We
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define

〈
HDn

〉
=

1∑
i

∑
i

∣∣∣∣∣∣∣
(
HD(z)/HD,0

)∣∣∣
500
− (

HD(z)/HD,0
)∣∣∣

n(
HD(z)/HD,0

)∣∣∣
500

∣∣∣∣∣∣∣
z=zi

, (6.20)

which denotes the redshift-averaged variation of HDn , from the limiting case
of n = 500. In this analysis, we split the redshift range (i.e. 0 ≤ z ≤ 100) into
100 bins. In (Eq. 6.20), i is the index number of such bins. The variation of〈
HDn

〉 with n are plotted in (Fig. 6.1(b)). In this figure, the plots are for different
chosen sets of µo and µu, while the other two parameters are kept at σu = 0.01
and σo = 0.01. For n ≥ 100, the average fluctuation is less than ∼ 10−6. Given
the above results, we chose n = 100 for our remaining calculations.

From here onward, in our calculations, we consider one hundred under-dense
and one hundred over-dense sub-domains. These sub-domains are characterized
by the respective volume fractions, λoi and λui (Eq. 6.15 and Eq. 6.18), distributed
using a Gaussian profile among these sub-domains (Eq. 6.16 and Eq. 6.17). Our
underdense regions are characterized by parameters qui,0 that vary from 0 < qui,0 <

0.5 [136]. This range for qui,0 has been taken to ensure a wide range of underdense
subregions is present in our model to mimic a variety of underdense regions that
may be present in the Universe. µu and σu are the mean and standard deviation
of the Gaussian profile of the underdense regions. The underdense subregion with
qui,0 = µu will have the largest value of λui and thus will be the most prominent
underdense subregion in the analysis. Here, σu governs the distribution width
about a given µu. Similarly, our overdense regions are characterized by parameters
qoi,0 varying from 1/2 < qoi,0 < 1. This range for qoi,0 has been taken to ensure
that a wide range of overdense subregions is present in our model to mimic a
variety of overdense regions that may be present in the Universe. µo and σo are
the mean and standard deviation for the Gaussian profile of overdense regions.
The overdense subregion with qoi,0 = µo will have the highest value of λoi and,
therefore, will be the most prominent overdense subregion in the analysis. σo

is the standard deviation of the distribution, which governs the width of the
distribution about the mean value.

In (Fig. 6.2), the average density parameters are plotted as a function of the
redshift in the redshift range (z < 30). (See Appendix (C) for the calculation
of these average density parameters). The density parameter associated with
kinematical backreaction QD plays a significant role in our backreaction model
at late redshifts (around z = 5, as seen from the inset), embodying the departure
from FLRW behavior in our framework. The QD term becomes negligible at large
redshifts, which can be seen from the corresponding plot in (Fig. 6.2). The term
ΩDQ going to zero at high redshifts (or at early times) shows that our model can
mimic a perturbed FLRW model at early times.
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Figure 6.2: Plot of average density parameters, ΩDm and ΩDQ as a function of redshift, z. The
values of the parameters are chosen as: µu = 0.01, σu = 0.01, µo = 0.99 and σo = 0.01. The inset
shows the magnified plot for ΩDQ , the density parameter for kinematical backreaction term QD.
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Figure 6.3: Plots of HD(z)/HD,0 for ΛCDM and our backreaction model as a function of z. Our
backreaction model has four parameters that can be varied: µu, σu, µo, σo. In (a) µo is varied
with σo = σu = 0.01 and µu = 0.01 fixed. In (b) σo is varied with µo = 0.51, σu = 0.01 and
µu = 0.01 fixed. In (c), µu is varied with σo = σu = 0.01 and µo = 0.51 fixed. In (d), σu is
varied with σo = 0.01, µo = 0.51 and µu = 0.01 fixed. The insets show the plot lines for the
redshift range 10-20. The value of H0 (Hubble parameter at the present time) used is 100 h km
s−1Mpc−1 where h = 0.7.
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In (Fig. 6.3), the variation with respect to the redshift of HD(z)/HD,0 (here,
HD,0 is the value of HD(z) at z = 0) for our backreaction model and for the
ΛCDM model (H(z)/H0 for ΛCDM, H0 = H(z = 0)) are plotted. Our backreaction
model has four parameters that can be varied: µu, σu, µo, σo. One of the above
parameters is varied in the four sub-figures while keeping the other three fixed.
From subplot (a), it can be observed that larger values of parameter µo result
in larger values of the quantity HD(z)/HD,0, although the variation is very less
and from (c) also, it can be observed that larger values of parameter µu result
in larger values of the quantity HD(z)/HD,0. Let us first consider the subplot (c)
where µu is being varied, keeping the other three parameters fixed. Since µu is
the mean of the Gaussian distribution of λui,0, it corresponds to the subregion
with the largest value of λui,0 in the distribution. The subregion with qui,0 = µu

possesses the largest value of λui,0 and therefore, the largest value of λui also, from
(Eq. 6.18). It follows from (Eq. 2.20) that this underdense subregion through
its Hui provides the largest contribution among all other underdense subregions
in the determination of Hu, the total Hubble parameter for all the underdense
subregions combined, and consequently, provides the largest contribution in HD
among all other underdense subregions. Therefore, in subplot (c) with all other
parameters fixed, the plotlines for HD follow the trend of variation of Hui with
respect to the redshift z, of the subregion with qui,0 = µu. The higher values
of qui,0 result in higher values of Hu(z) at higher values of z, which is observed
in subplot (c), where higher values of µu give higher values of HD(z)/HD,0. The
behavior of the plotlines in subplot (a) can also be explained similarly, where the
corresponding underdense subregion analysis replaces the overdense subregion
analysis. In subplot (a), there is not much difference between the plotlines. This
can be attributed to the fact that overdense subregions have less impact on the
global domain dynamics. The reason for this is that the collective volume fraction
of the overdense subregions is much smaller than the collective volume fraction
of the underdense subregions.

On the other hand, from the subplots (b) and (d), it can be seen that larger
values of σo and σu lead to larger values of the quantity HD(z)/HD,0. Note that σo

and σu represent the spread of the Gaussian distributions. In subplots (b) and (d),
only σo and σu are varied, respectively, keeping the other three parameters fixed.
Therefore, a wider distribution with the same mean is considered in subplots
(b) and (d). A wider distribution results in more subregions becoming significant
than for a narrower distribution. As the contributions of more subregions become
effective, the values of the combined Hubble parameters for the overdense and
underdense subregions, Ho and Hu, respectively, increase, and hence the value
of HD also increases, which is observed in subplots (b) and (d). Similar to the
case of subplot (a), varying σo in subplot (b) does not have much effect on the
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plotlines. Therefore, model parameters associated with the overdense subregions
do not have a significant impact on the global domain dynamics.

6.4 Effect of inhomogeneities on the 21 cm brightness
temperature

To analyze the brightness temperature of the 21-cm signal in the context of
our model of multiple subregions of spacetime with matter distribution inho-
mogeneities, we replace H(z) in the equations of 21-cm cosmology with HD(z)
(Fig. 6.3) which is the effective Hubble parameter calculated from our model
using (Eq. 6.14). Here, we employ the general scheme to calculate the 21-cm
brightness temperature T21 for both ΛCDM and our backreaction model. The
only difference between these two models is in calculating the Hubble parameter
H(z), where z is the redshift. For the ΛCDM model, H(z) is calculated using the
standard relation of the Hubble parameter with various density parameters, Ωs.
In contrast, for our model H(z) is replaced by HD(z), since we are interested in
the evaluation of all physical quantities with respect to the global domain.

From (Eq. 6.1), using Taylor expansion of e−τ(z), and ignoring higher order
terms of τ(z), we get

T21 ≈
Ts − Tγ

1 + z
τ(z)

Now, from (Eq. 6.2), for δrvr = 0, τ(z) ∝ 1/H(z). Therefore,

T21 ∝
Ts − Tγ

1 + z
1

H(z)
(6.21)

Thus, for a given value of Ts and Tγ, T21 is inversely proportional to H(z). Note
that the sign of T21 is governed by Ts and Tγ. If Ts > Tγ, then T21 is positive and
negative for vice versa. H(z) has effect only on the magnitude of T21. Also note
that T21 is related to H(z) via Ts, which itself depends on H(z) (from (Eq. 6.4)
and (Eq. 6.5)), but the dominant and more direct relationship between T21 and
H(z) is from (Eq. 6.21).

Though the primary redshift range of interest for our present analysis is 14 <
z < 20 corresponding to the range of the EDGES result [163], there are various
future proposed experiments to analyze the 21 cm signal at various redshift ranges
[186–190]. In Fig. 6.4, we display results for a large redshift range up to z = 1000,
given the above-proposed observations. The current analysis focuses on a much
narrower regime of 14 < z < 20 as displayed in the figure insets.

In (Fig. 6.4), the variations of the brightness temperature T21 in mK as a
function of redshift z (using (Eq. 6.1)) in the redshift range 14− 1000 are plotted
for both the ΛCDM model and our backreaction model. In the case of our model,
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Figure 6.4: Plots of brightness temperature T21 for the ΛCDM model and our backreaction
model for the redshift range 14 − 1000. Our backreaction model has four parameters that can
be varied: µu, σu, µo, σo. In (a) µo is varied with σo = σu = 0.01 and µu = 0.01 fixed. In (b) σo

is varied with µo = 0.51, σu = 0.01 and µu = 0.01 fixed. In (c), µu is varied with σo = σu = 0.01
and µo = 0.51 fixed. In (d), σu is varied with σo = 0.01, µo = 0.51 and µu = 0.01 fixed. The value
of H0 (Hubble parameter at the present time) used is 100 h km s−1Mpc−1 where h = 0.7. The
insets show the plot lines in the redshift range of our interest.
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H(z) is replaced by HD(z) (plotted in (Fig. 6.3)). Our backreaction model has four
parameters that can be varied: µu, σu, µo, σo. One of the parameters varied in each
of the four subfigures, while the other three were fixed. Each subplot of (Fig. 6.4)
has a relation with the corresponding subplot of (Fig. 6.3) via (Eq. 6.21). In
subplot (c) of (Fig. 6.3), lower values of µu yielded lower values of HD(z), and
since HD(z) is inversely proportional to the magnitude of T21, lower values of µu

should give us the greater magnitude of T21. This is what is observed in subplot (c)
of (Fig. 6.4). Other subplots of (Fig. 6.4) also have a one-to-one correspondence
with their counterparts in (Fig. 6.3), which can be explained similarly. At lower
values of the redshift z, our backreaction model for a large range of parameters
leads to lower brightness temperature than the ΛCDM model. In general, lower
values of µo, µu, σo and σu lead to lower (more negative) values of T21.

In (Fig. 6.5), the variation of T21 at z = 17.2 in the µo − σo plane is shown for
different sets of values of (µu, σu) using a contour plot. The value of µo varies in the
range of 0.5−1.0 along the x-axis, while σo is varied in the range 0.01−0.09 along
the y-axis. The contour colors describe the value of T21(z = 17.2) per the color
bar at the bottom of the figure. In subplots (a) and (b), (µu, σu) are (0.01, 0.01)
and (0.01, 0.09), respectively. Subplot (a) has a lower value (more negative) of
T21(z = 17.2) compared to subplot (b). There is also very little variation within
the individual subplots (a) and (b). This shows that fixing (µu, σu) and varying
(µo, σo) has very little effect on the calculation of T21 at z = 17.2. However,
changing σu between subplots (a) and (b) results in significant variation. This
also shows the insignificance of the model parameters associated with overdense
subregions in the dynamics of the global domain. From subplots (c) and (d),
it can be seen that T21(z = 17.2) has high values (from -150 mK to -110 mK)
for (µu, σu) = (0.45, 0.01) and (0.45, 0.09). Changing σu from 0.01 to 0.09 while
keeping µu fixed in (c) and (d) has little effect on the value of T21(z = 17.2). In
these subplots, T21(z = 17.2) has the lowest value of around −350 mK in the lower
left portion of the subplot (a). This affirms our analysis of (Fig. 6.4) that lower
values of σu, σo, µo and µu lead to lower values (more negative) of T21(z = 17.2).
From subplots (a) and (c), it can be seen that changing the value of µu keeping σu

fixed has a more prominent effect on the brightness temperature than vice versa.

In (Fig. 6.6), the variation of T21 at z = 17.2 in the µu − σu plane is shown for
different sets of values of (µo, σo) using a contour plot. The value of µu varies in
the range of 0−0.5 along the x-axis while σu is varied along the y-axis in the range
of 0.01−0.09. In subplots (a) and (b) of the figure, µo is fixed at 0.51, and σo has
the values of 0.01 and 0.09, respectively. In subplots (c) and (d) of the figure, µo

is fixed at 0.99 while σu has the values of 0.01 and 0.09, respectively. The effect
of varying σo while keeping µo fixed can also be seen from these two subplots.
From subplots (a) and (c), it can be seen that changing the value of µo, keeping
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Figure 6.5: Contour representation of T21(z = 17.2)(mK) in the σo − µo plane for (a) µu = 0.01,
σu = 0.01 (b) µu = 0.01, σo = 0.09, (c) µu = 0.45, σu = 0.01, (d) µu = 0.45, σu = 0.09.
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(a) (b)

(c) (d)

Figure 6.6: Contour representation of T21(z = 17.2) (mK) in σu − µu plane for (a) µo = 0.51,
σo = 0.01 (b) µo = 0.51, σo = 0.09, (c) µo = 0.99, σo = 0.01, (d) µo = 0.99, σo = 0.09.
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σo fixed, has a slightly more prominent effect on the brightness temperature than
vice versa. The lowest value of T21(z = 17.2) of around −320 mK is obtained in the
bottom left part of the subplot (a) of the figure for µu ≈ 0.01. This also affirms
our analysis of (Fig. 6.4) that lower values of σu, σo, µo and µu lead to lower values
(more negative) of T21(z = 17.2). This figure also highlights the insignificance of
overdense parameters, as all four subplots are very much alike, so changing the
overdense parameters does not affect the output much.

6.5 Observational Constraints

We now examine the backreaction framework in the context of our model of mul-
tiple subregions with respect to observational data and determine the optimum
values of our model parameters. We perform a Bayesian analysis to compare
our model with the Union2.1 supernova Ia distance modulus versus redshift data
[155]. To compare our model with the observational data, we employ the earlier-
mentioned (Sec. 2.2) covariant scheme (Eq. 2.25, Eq. 2.26). The first equation
of the covariant scheme (Eq. 2.25) relates the theoretically calculated quantity
from our model aD with the cosmological redshift, z, and the second equation
(Eq. 2.26) relates the theoretically calculated quantity from our model ⟨ρ⟩D with
the observational quantity, the angular diameter distance DA. From this DA, we
can calculate the distance modulus using standard cosmological distance relations
and thus compare our model with the Union2.1 supernova Ia data.

In this analysis, the resulting posterior distributions of different parameters are
obtained by the Markov Chain Monte Carlo (MCMC) iteration method (Fig. 6.7)
by using the MCMCSTAT package [91, 92]. We use a total of 3×103 number of events
with the adaptation interval of 100, within the parameter range: µu ∈ [0.01, 0.49],
σu ∈ [0.01, 0.09], µo ∈ [0.51, 0.99] and σo ∈ [0.01, 0.09]. The topmost plots of the
first, second, third and fourth columns of (Fig. 6.7) represent the posterior distri-
bution of the parameters µu, σu, µo and σo, respectively, obtained by marginaliz-
ing the other parameters. The other plots of (Fig. 6.7) show the contour represen-
tation of the posterior distribution in different sets of a two-parameter space. In
these contour plots, the darker-coloured regions denote higher posterior regions,
and the lines indicate the boundaries of 1σ, 2σ and 3σ regions, respectively.
The diagonal panels show the 1-D histogram of the posterior distribution for
each model parameter obtained by marginalizing the other parameters. The off-
diagonal panels show 2-D projections of the posterior probability distributions for
each pair of parameters and correlations between the parameters and contours.

From this analysis the obtained set of optimum points are µu = 0.01+0.00
−0.00,

σu = 0.01+0.00
−0.00, µo = 0.63+0.16

−0.08 and σo = 0.05+0.03
−0.03 respectively. These optimum

points are obtained considering all four parameters. However, from the marginal-
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Figure 6.7: Corner plot showing the MCMC result for our model carried out using the ob-
servational results of the Union2.1 supernova Ia data [155]. The diagonal histograms show the
marginalized posterior densities for each parameter.

97



CHAPTER 6. ANALYZING THE 21-CM SIGNAL BRIGHTNESS TEMPERATURE IN
THE UNIVERSE WITH INHOMOGENEITIES

14 15 16 17 18 19 20
-400

-350

-300

-250

-200

-150

Figure 6.8: Plots of brightness temperature T21 (mK) for the ΛCDM model and our back-
reaction model for the optimal values and the most probable values of our model parameters
obtained from the MCMC analysis for the redshift range 14-20. Dashed plotlines are for our
backreaction model.

ized posterior plot for µo (in (Fig. 6.7)), one can notice that the most probable
value of µo is slightly lower (µo = 0.55) than the corresponding optimal point. This
is because posterior plots for each parameter plotted along the diagonal are ob-
tained by marginalizing the other parameters. These plots do not consider other
parameters; therefore, the most probable values differ from the optimum values.
Similarly, the most probable values for other model parameters are µu = 0.01,
σu = 0.01 and σo = 0.06. It can be seen that lower values of σu, µu and µo are
favored, which in turn favors a reduced brightness temperature of the T21 signal,
as determined from our analysis of (Fig. 6.4 - Fig. 6.6).

In (Fig. 6.8), the brightness temperature T21 is plotted in units of mK as a
function of redshift z in the range 14−20 for the ΛCDM model and for the optimal
and most probable values of the parameters of our backreaction model, obtained
from the MCMC analysis. The set of optimal values used is (µu, σu, µo, σo) =
(0.01, 0.01, 0.63, 0.05) and the set of most probable value used is (µu, σu, µo, σo) =
(0.01, 0.01, 0.55, 0.06). Both the most probable and optimal sets of values gives a
brightness temperature considerably lower than the ΛCDM model for this redshift
range. At z = 14, T21 for our backreaction model, the optimal and most probable
set of parameter values is around ≈ −350mK which is within the range of the
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EDGES result. This value is lower than the ≈ −240mK given by the ΛCDM
model.

6.6 Conclusions

Recent observations indicate that our Universe contains an inhomogeneous mat-
ter distribution at considerably large scales [8–10]. The effect of these inho-
mogeneities on various cosmological phenomena calls for close scrutiny. In the
present study, we revisit the 21-cm cosmology [158–160], in a spacetime with
matter distribution inhomogeneities. We explore the brightness temperature of
the 21-cm signal as a function of the redshift under the impact of backreaction
from matter inhomogeneities.

In our analysis, we use the widely used Buchert formalism [25] (Sec. 2.1) of
averaging over inhomogeneities to evaluate the backreaction effect. The Buchert
framework facilitates the relation of theoretically evaluated quantities with ob-
servables such as redshift and angular diameter distance [33–37]. Within this
framework, we construct a model of multiple subregions with a Gaussian distri-
bution of parameters to mimic the actual Universe containing multiple voids and
structures at the present epoch. We employ the covariant scheme to relate our
theoretically evaluated parameters to observational quantities.

Using this model, we calculate the brightness temperature T21 of the 21-cm
signal as a function of the redshift and analyze it for our model parameters.
Such a model of spacetime that we have employed leads to a modification of the
Hubble evolution, making it desirable to constrain our model parameters using
observational results. To correlate our model with observation data, we obtain
the marginalized posterior densities for each model parameter through Markov
Chain Monte Carlo (MCMC) simulations using Union2.1 supernova Ia data [155].

Our analysis shows that the 21-cm brightness temperature T21 could be lowered
by a significant amount under the impact of altered Hubble evolution resulting
from backreaction from matter distribution inhomogeneities. Such a result follows
without utilizing any exotic physics or non-standard models of dark matter and
dark energy, such as schemes employed in a host of previous works [128, 166–
172] to lower the 21-cm brightness temperature. In particular, using the optimal
and most probable values of our model parameters obtained through the MCMC
simulations, it can be seen that T21 could drop to levels below the predictions of
ΛCDM and within the range of the EDGES result.

We conclude by noting that several earth-based and space-based experiments
have been proposed to observe and record the 21-cm signal effectively [186–
190]. Our analysis obtains the evolution of T21 over a wide range of redshift
z in (Fig. 6.4). Thus, it can be used in conjunction with data from such ex-
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periments to analyze the role of matter distribution inhomogeneities in 21-cm
cosmology. Specifically, if any dip in temperature below the ΛCDM prediction
is observed in the 21-cm signal, our present analysis should motivate further
detailed investigations of other backreaction scenarios [13, 19, 21–23], as well.
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Chapter 7

Summary and future outlook

This thesis explores how inhomogeneous distributions of matter in the Universe
affect various astrophysical and cosmological phenomena. We applied Buchert’s
averaging method to incorporate these inhomogeneities into our study. Initially,
we developed simple two-domain spacetime models featuring inhomogeneous mat-
ter distribution, which gradually evolved into more complex and realistic mul-
tidomain models. In two chapters of our work (Chap. 5 and Chap. 6), we also
employed observational data from the Union2.1 redshift vs. distance modulus
dataset (Sec. 2.4) to constrain our model parameters through MCMC analysis
(Sec. 2.5). Each of our studies generates verifiable predictions that can be evalu-
ated using future observational data.

In (Chap. 3), we explored how gravitational waves emitted by compact binary
systems propagate through a background spacetime in the presence of matter
distribution inhomogeneities. To address the impact of these inhomogeneities,
we utilized Buchert’s backreaction framework, incorporating a simplified two-
partition model. This analysis results in a modification in the relationship be-
tween redshift and distance. Our findings reveal a significant divergence in the
variation of the redshift-dependent part of the amplitude of gravitational waves
when comparing (i) the ΛCDM model and (ii) our model based on Buchert’s
backreaction approach. This deviation grows with the increasing influence of in-
homogeneities, which is measured through volume fractions and the expansion
rate of voids.

In (Chap. 4), we explored the behavior of gravitational waves originating from
compact binary systems as they traverse a viscous, inhomogeneous Universe. This
study is based on a model employing the averaging procedure for scalars according
to Buchert’s backreaction framework. Within this framework, the relationship
between redshift and distance diverges from predictions by the ΛCDM model,
with variations depending on specific model parameters. We have assumed that
the matter within the overdense regions of our inhomogeneous spacetime model
exhibits viscosity, resulting in an attenuation of the amplitude of gravitational
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waves as they pass through these areas. By incorporating the effects of viscous
attenuation into our model, we’ve derived a formula illustrating the redshift-
dependent changes in the wave amplitude. Our findings reveal that accounting
for viscous attenuation leads to a significant discrepancy in the redshift-related
amplitude of gravitational waves, as opposed to scenarios where the role of viscos-
ity is minimal or absent. Therefore, including the impact of viscosity on gravita-
tional wave observations from compact binaries is crucial when considering local
inhomogeneities in the Universe.

In (Chap. 5), we developed a multi-domain spacetime model featuring an in-
homogeneous distribution of matter. The model divides into two main categories
of subregions: overdense and underdense, each with unique evolution dynamics.
Utilizing the Buchert formalism, we evaluated the averaged backreaction effects
of these inhomogeneities on the Universe’s global evolution at late times. Our
findings reveal a decrease in global acceleration after the present epoch across
a substantial range of model parameter values. We demonstrated that beyond
a certain time point (tdec), the global acceleration parameter may turn negative,
indicating a transition from the current accelerating phase to one of future de-
celeration. We also optimized our model for the maximum number of subregions
to be considered for a reliable result for future global evolution. The dependence
of the deceleration time (tdec) on the various model parameters was analyzed
systematically, indicating that parameters linked to underdense regions notably
influence the timing of this transition. We further correlated our model with
observational data, using Markov Chain Monte Carlo (MCMC) simulations with
the Union 2.1 supernova Ia dataset to obtain marginalized posterior densities for
each parameter.

In (Chap. 6), we revisit the 21-cm cosmology considering spacetime with an
inhomogeneous matter distribution. We study the 21-cm signal’s brightness tem-
perature as a function of redshift under the influence of the backreaction of these
matter distribution inhomogeneities. Our investigation employs the Buchert
formalism to average over inhomogeneities to calculate the backreaction effect.
Within this framework, we develop a model featuring multiple subregions with
a Gaussian parameter distribution to mimic our Universe, which comprises nu-
merous voids and structures at the current era. We use the covariant scheme
to connect our theoretical parameters to observable data. With this model, we
determine and examine the brightness temperature T21 of the 21-cm signal as
a function of redshift corresponding to our model parameters. The spacetime
model adopted here modifies the Hubble evolution, necessitating the use of obser-
vational data to constrain our model parameters. Compared with observational
data, we derive marginalized posterior densities for each parameter using Markov
Chain Monte Carlo (MCMC) simulations with Union 2.1 supernova Ia data. Our
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findings indicate that the 21-cm brightness temperature T21 may significantly
decrease due to modified Hubble evolution driven by backreaction from inhomo-
geneous matter distribution. This conclusion emerges without resorting to exotic
physics or unconventional dark matter and energy models that are often used in
earlier studies to reduce the 21-cm brightness temperature. Notably, according
to the optimal and most probable parameter values obtained via MCMC simu-
lations, T21 can decrease to levels beneath the predictions of the ΛCDM model,
aligning with the EDGES result.

The present thesis leaves open some important questions and possibilities for
further study.

This thesis exclusively uses Buchert’s averaging procedure and related frame-
works. The analysis done here can be done with other averaging procedures and
other frameworks.

In (Chap. 5 and Chap. 6), we have used a Gaussian distribution for distributing
our model parameters across the multiple subregions. But the actual distribution
in the Universe may not be Gaussian. The actual distribution may be revealed
with extensive future galactic surveys. These analyses can be redone by employing
a more realistic distribution, keeping the results of these surveys in mind.

In (Chap. 5 and Chap. 6), we have used the Union2.1 distance modulus vs
redshift dataset to constrain our model parameters using MCMC analysis. These
constraints can be updated by using more recent and more extensive datasets.

In (Chap. 6), we have demonstrated that using our model and backreaction
framework, T21 for the 21 cm signal can be constrained within the EDGES re-
ported range. However, the subsequent SARAS experiment has failed to detect
the EDGES 21 cm signal. So, we have to wait for future reporting of 21 cm signal
observations for clarity of the situation.

The averaging procedure, framework, along with the model of spacetime with
inhomogeneous matter distribution employed in this thesis, can also be used to
analyze Hubble tension.
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Appendix A

GWs in the presence of viscosity

GWs are affected by the viscosity of the propagating medium [108–114]. It was
shown [108] that only the coefficient of shear viscosity has any influence on the
attenuation of GW.

Here, we discuss some essential steps in the derivation of the attenuation fac-
tor of a GW propagating through a viscous fluid in an FRW Universe. The same
relation of the attenuation factor is also valid for our backreaction models, in-
corporating the redshift-distance relation given by the covariant scheme. We use
the mechanism employed by [113]. The general form of the energy-momentum
tensor for a non-ideal fluid is given by [113, 136],

Tµν = (ρ + p)uµuν + pgµν − 2ησµν − ξθ∆µν (A.1)

where ρ is the density of the fluid, p is the pressure of the fluid, uµ is the fluid
four velocity, gµν is the metric tensor, η is the coefficient of shear viscosity, σµν is
the shear, ξ is the coefficient of bulk viscosity, θ is the volume expansion of the
fluid and ∆µν is the projection tensor on the subspace normal to uµ and it is given
by the relation, ∆µν = gµν + uµuν. Throughout, ℏ = c = 1.

Next, we consider tensor perturbations in the background FRW metric,

ds2 = −dt2 + a2(t)[δi j + hi j]dxidx j, (A.2)

The tensor perturbations are considered in the transverse and traceless gauge,
∂ihi j = hi

i = 0.
The total four-velocity is given by uµ = u(0)

µ +∂uµ. Normalizing the four-velocity,
considering only up to first-order terms in the metric and velocity perturbations,
and going to the rest frame of the fluid, the velocity perturbations ∂uµ vanish. In
the rest frame of the fluid, we have,

θ = 3H (A.3)
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σi j =
1
2

a2ḣi j, (A.4)

where H is the Hubble parameter and dot denotes derivative with respect to
cosmic time t.

Einstein’s equation in zeroth order in hi j, Gi j = 8πGTi j and in first order in hi j,
∂Gi j = 8πGTi j gives us the wave equation for GWs in a viscous fluid,

ḧi j + (3H + 16πGη)ḣi j −
∇2

a2 hi j = 0 (A.5)

ξ doesn’t come into (Eq. A.5) as it only couples to scalar perturbations.
Next, performing the Fourier transform of (Eq. A.5) and defining hi j as µi j/a

one gets,

µ̈i j + (H + 16πGη)µ̇i j +

(
k2

a2 −
ä
a
− H2 − 16πGηH

)
µi j = 0 (A.6)

Defining conformal time τ as dt = adτ and using it in (Eq. A.6) leads to

µ′′i j + 16πGηaµ′i j +

(
k2 − a′′

a
− 16πGηaH

)
µi j = 0 (A.7)

where ′ denotes derivatives with respect to τ. On sub-horizon scales k2 >> a′
a ,

(Eq. A.7) reduces to,

µ′′i j + 16πGηaµ′i j + k2µi j = 0. (A.8)

Let A×,+ = rµi j represent the amplitude of the two polarization modes × and
+ of the radial component of the wave. Then, at large distances from the source,
A satisfies the following 1-D wave equation,

Ä + βaȦ + k2A = 0 (A.9)

where β ≡ 16πGη. Assuming the solution of (Eq. A.9) is of the form,

A(τ, ω) = Ã(ω)eikr−
∫

iωdτ. (A.10)

and substituting (Eq. A.10) in (Eq. A.9), gives us the dispersion relation,

− ω2 − iβaω + k2 = 0 (A.11)

Separating the real and imaginary part of k, k = kR + ikI, (Eq. A.11) in con-
jugation with the weak damping approximation β << ω, and keeping only the
leading order terms gives us,
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kR = ω

kI =
βa
2

(A.12)

The presence of the imaginary part of k, kI, results in attenuation of the wave.
(Eq. A.10) now becomes,

A(τ, ω) = Ã(ω)eikRr−
∫

iωdτ × e−kIr. (A.13)

The strain hi j of the GW in cosmic time t now becomes,

hi j =
Ã(ω(t))

L0
eikRr−

∫
iωpdt × L0e−

β
2 L

L
(A.14)

where L = ar is the source distance, L0 is the source distance for zero shear
viscosity and ωp =

ω
a is the physical angular frequency. Therefore, the attenuation

factor is given by L0e−
β
2 L

L where β ≡ 16πGη.
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Appendix B

Calculation of t0

Using (Eq. 2.20), we can break down HD as,

HD =
∑

i

λoi Hoi +
∑

j

λu j Hu j = λoHo + λuHu, (B.1)

where, λoHo =
∑

i λoi Hoi represents the collective contribution of overdense sub-
regions, and similarly λuHu =

∑
i λui Hui represents the collective contribution of

underdense subregions. Also, using (Eq. 2.23), we can write,

a3
D = λo,0a3

o + λu,0a3
u (B.2)

where, λo,0a3
o represents the collective contribution of the overdense subregions

and similarly λu,0a3
u for the underdense subregions. Using (Eq. 6.15), (Eq. B.1)

can be written as

HD = λo,0
a3

o

a3
D

Ho + λu,0
a3

u

a3
D

Hu

= Ho

(
λo,0a3

o

λo,0a3
o + λu,0a3

u
+

λu,0a3
u

λo,0a3
o + λu,0a3

u

Hu

Ho

)
= Ho(1 − v + vh),

(B.3)

where, using the definitions of h and v from [54], we have defined similarly h :=
Hu/Ho and v := λu,0a3

u

λo,0a3
o+λu,0a3

u
. Our definition of v is different from theirs due to the

different scaling of aD that we have used here. Therefore,

HD = Ho(1 − v + vh) =
∑

i λoi Hoi

λo
(1 − v + vh) (B.4)

Now, using (Eq. 6.8) and (Eq. 6.9),

Hoi =
sin ϕoi(ϕoi − sin ϕoi)

t0(1 − cos ϕoi)2 (B.5)
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Therefore,

HD =
1
λot0

(1 − v + vh)
∑

i

λoi

sin ϕoi(ϕoi − sin ϕoi)
(1 − cos ϕoi)2 (B.6)

At present time, t0,

HD0 =
1
λo,0t0

(1 − v0 + v0h0)
∑

i

λoi,0

sin ϕoi,0(ϕoi,0 − sin ϕoi,0)
(1 − cos ϕoi,0)2 (B.7)

We see that,

t0 =
1

λo,0HD0

(1 − v0 + v0h0)
∑

i

λoi,0

sin ϕoi,0(ϕoi,0 − sin ϕoi,0)
(1 − cos ϕoi,0)2 (B.8)

so we need to fix either t0 or HD0 . Here, we have chosen HD0 = 70 km/s/Mpc.
Now, we have,

v0 =
λu,0a3

u,0

λo,0a3
o,0 + λu,0a3

u,0

; h0 =
Hu,0

Ho,0

We have defined our model in such a way that, ao,0 = au,0 = aD,0 = 1. Also,
(λo,0, λu,0) = (0.09, 0.91) [27]. Therefore, v0 = 0.91. Also,

λoHo =
∑

i

λoi Hoi =⇒ Ho =
1
λo

∑
i

λoi Hoi

=⇒ Ho,0 =
1
λo,0

∑
i

λoi,0Hoi,0

=
1

λo,0 × t0

∑
i

(
No

σo
√

2π
e−(qoi,0−µo)2/2σ2

o ×
sin ϕoi,0(ϕoi,0 − sin ϕoi,0)

(1 − cos ϕoi,0)2

) (B.9)

where we have used (Eq. 6.17). Similarly, using (Eq. 6.10), (Eq. 6.11) and
(Eq. 6.16), we get the following,

Hu,0 =
1

λu,0 × t0

∑
i

(
Nu

σu
√

2π
e−(qui,0−µu)2/2σ2

u ×
sinh ϕui,0(sinh ϕui,0 − ϕui,0)

(cosh ϕui,0 − 1)2

)
(B.10)

The t0 term in the denominators of (Eq. B.9) and (Eq. B.10) cancels out and
all the other quantities are known. Therefore, we have,

h0 =
Hu,0

Ho,0
=
λo,0

λu,0

∑
i

(
Nu

σu
√

2π
e−(qui,0−µu)2/2σ2

u × sinh ϕui,0 (sinh ϕui,0−ϕui,0 )

(cosh ϕui,0−1)2

)
∑

i

(
No

σo
√

2π
e−(qoi,0−µo)2/2σ2

o × sin ϕoi,0 (ϕoi,0−sin ϕoi,0 )

(1−cos ϕoi,0 )2

) (B.11)
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So, from (Eq. B.11), we can calculate h0 and then using this value of h0 and
v0 in (Eq. B.8), we can obtain t0. In this way, using the above procedure, we can
fix t0 for a given set of values of our model parameters (µu, σu, µo, σo).
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Appendix C

Our multidomain model

Our multidomain model is made up of multiple subdomains of overdense and
underdense. The underdense subdomains are negatively curved FLRW regions,
while the overdense subdomains are positively curved FLRW regions having den-
sities greater than those of the underdense subdomains. Both of these subregions
are composed of dust. Now, the scale factor for these overdense and under-
dense subdomains as functions of cosmic time t is given by (Eq. 6.8, Eq. 6.9) and
(Eq. 6.10, Eq. 6.11) respectively.

The densities of underdense subregions are given by [136],

ρui =
ρui,0

a3
ui

(C.1)

where ρui,0 is the density at present time t0, which is given by,

ρui,0

ρui,c

= qui,0; where ρui,c =
3H2

ui,0

8πG
(C.2)

where ρui,c is the critical density and Hui,0 is the value of present time Hubble
parameter for the ith underdense subregion.

Densities for the overdense subregions can also be defined similarly,

ρoi =
ρoi,0

a3
oi

(C.3)

where ρoi,0 is the density at present time t0, which is given by,

ρoi,0

ρoi,c

= qoi,0; where ρoi,c =
3H2

oi,0

8πG
(C.4)

where ρoi,c is the critical density and Hoi,0 is the value of present time Hubble
parameter for the ith overdense subregion.

Choosing our parameters in the range 0 < qui,0 < 0.5 and 1/2 < qoi,0 < 1, it
follows from Eq. C.2 and Eq. C.4 that the densities of underdense subdomains
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remain always less than the densities of overdense subdomains.
The combined density for all overdense subregions (ρo) is given by,

λoρo =
∑

i

λoiρoi =⇒ ρo =

∑
i λoiρoi∑

i λoi

(C.5)

where λoi are defined in (Eq. 6.15) and λo is the total volume fraction of the
overdense subregions. Similarly,

λuρu =
∑

i

λuiρui =⇒ ρu =

∑
i λuiρui∑

i λui

(C.6)

where λui are defined in (Eq. 6.18) and λu is the total volume fraction of the
underdense subregions.

Also, ⟨ρ⟩D, the averaged density of the global domain is given by

⟨ρ⟩D = λoρo + λuρu

=
∑

i

λoiρoi +
∑

i

λuiρui

(C.7)

The various density parameters are obtained in our analysis in the following
way. From (Eq. 2.14), we have

3H2
D = 8πG⟨ρ⟩D −

1
2
⟨R⟩D −

1
2
QD (C.8)

Dividing by 3H2
D throughout, we get,

1 = ΩDm + Ω
D
R + Ω

D
Q (C.9)

where,
ΩDm =

8πG⟨ρ⟩D
3H2
D

; ΩDR = −
⟨R⟩D
6H2
D

; ΩDQ = −
QD

6H2
D

(C.10)

From (Eq. 6.19), we can calculate QD for our model and then from (Eq. C.10),
ΩDQ can be calculated. Then using (Eq. C.7) and (Eq. C.10), ΩDm can be calculated
and ΩDR can be calculated from (Eq. C.9). In this way, all the average density
parameters can be obtained.
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